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Resumen

La motivación de este trabajo es explorar una representación geométrica para

la cuantización de teoŕıas de campos que produzcan naturalmente monopolos

magnéticos. Dirac [1, 2] demostró que la existencia de monopolos magnéticos

podŕıa explicar la cuantización de la carga eléctrica. Aunque los monopolos

magnéticos aún no han sido observados experimentalmente, su atractivo teórico

sigue motivando el estudio de modelos que permiten su existencia. En particular,

investigaciones sobre dyones—part́ıculas que poseen carga eléctrica y magnética—

dentro del marco de la Electrodinámica No Lineal (NLED, por sus siglas en inglés)

han contribuido al desarrollo reciente de soluciones de Black Bounce (BB) a las

ecuaciones de campo de Einstein, con el objetivo de resolver las singularidades

centrales en los agujeros negros [3]. Por lo tanto, el estudio de teoŕıas de campo

que admiten monopolos magnéticos, y especialmente dyones, puede ofrecer valiosas

ideas para abordar problemas abiertos en la f́ısica teórica contemporánea.

Palabras clave: Monopolo magnético, Dyon, Representación geometrica, Teoŕıa

de campos, Cuantización canónica
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Abstract

The motivation behind this work is to explore a geometric representation for quan-

tizing field theories that naturally give rise to magnetic monopoles. Dirac [1, 2]

demonstrated that the existence of magnetic monopoles could explain the quanti-

zation of electric charge. Although magnetic monopoles have yet to be observed

experimentally, their theoretical appeal continues to drive interest in models that

permit their existence. In particular, research involving dyons—particles carrying

both electric and magnetic charges—within the framework of Nonlinear Electro-

dynamics (NLED) has contributed to recent developments in Black Bounce (BB)

solutions to Einstein’s field equations, aiming to resolve central singularities in

black holes [3]. Therefore, studying field theories that accommodate magnetic

monopoles, and especially dyons, may offer valuable insights into longstanding

open questions in theoretical physics.

Keywords: Magnetic monopole, Dyon, Geometric representation, Field theory,

Canonical quantization
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Chapter 1

Introduction

The study of magnetic monopoles has long intrigued theoretical physicists, offer-

ing elegant explanations for fundamental phenomena such as the quantization of

electric charge, as first proposed by Dirac [1, 2]. Although monopoles have not

been experimentally observed, the theoretical interest remains strong—especially

in more general configurations like dyons, particles that carry both electric and

magnetic charge.

Dyons naturally arise in certain extensions of classical electrodynamics and in

the study of dualities in field theory. Their inclusion enriches the gauge struc-

ture of the theory and provides deeper insight into topological and quantization

phenomena. However, while much of the existing literature focuses on static con-

figurations or single-charge systems, a consistent treatment of dynamic dyons -

especially within a covariant and geometric framework - has remained largely un-

explored.
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A recent and intriguing motivation comes from gravitational physics. In 2018,

Simpson and Visser proposed the Black Bounce (BB) model [4], a class of space-

time solutions in General Relativity designed to resolve central singularities by

introducing a smooth bounce in the radial coordinate. These models are often

supported by matter content described by Nonlinear Electrodynamics (NLED),

a framework originally introduced by Born and Infeld [5] which also accommo-

dates magnetic monopoles and dyons. While initial BB solutions were built using

purely magnetic sources, more recent work has incorporated electric and dyonic

charges [3], broadening the scope of physically meaningful configurations.

These developments underscore the need for a rigorous and general formalism

that can describe dyons, particularly in dynamic settings. This thesis addresses

that need by extending the geometric representation of Maxwell theory to include

dyonic particles in motion. Building on previous work in the geometric formulation

of gauge theories [6, 7], we propose a framework that captures the dynamics of

dyons while preserving the topological and covariant features of the theory.

The structure of this work is as follows. In the next section, we review the

Lagrangian and Hamiltonian formulations of classical mechanics for systems with

finite degrees of freedom. We then extend these ideas to systems with infinite de-

grees of freedom, setting the stage for field quantization. The canonical quantiza-

tion procedure is introduced, along with the classification of first- and second-class

constraints. Finally, we apply this formalism to the quantization of the first-order

Schwinger action for dyonic particles, preparing the ground for the geometric for-

mulation that follows in later chapters.
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1.1 Hamiltonian formulation

Recall that the action is defined as:

S =

∫ t2

t1

dtL(qi, q̇i), (1.1)

Where qi is the generalized coordinates and q̇i the generalized velocities. Using the

Hamilton principle also known as the principle of least action, varying the action

to first order

δS = 0

we can deduce the Euler-Lagrange equations.

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0 (1.2)

This is the well know Lagrangian formulation for analytical mechanics. If we define

the conjugate momentum as follows:

pi ≡ ∂L

∂q̇i
(1.3)

We can perform a Legendre transformation to the Lagrangian to obtain the Hamil-

tonian, as follows:

H(qi, p
i) = piq̇i − L(qi, q̇i(p

i)) (1.4)

Notice now that the Hamiltonian only depends of qi and p
i. If we substitute the

expression for the Lagrangian on the action (1.1) and use the principle of least
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action, we obtain the Hamilton equations of motion:

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
, (1.5)

We define for any functions A and B that live in phase space, the Poisson brackets

as follows:

{A,B} =
∂A

∂qi

∂B

∂pi
− ∂A

∂pi
∂B

∂qi
(1.6)

Here we use the Einstein sum convention. It is easy to show that we can write

Hamilton equations using the Poisson brackets, using the chain rule, we obtain:

q̇i = {qi, H}

ṗi = {pi, H} (1.7)

And in general for any quantity g the evolution of said quantity is given by

ġ = {g,H}

Now notice that the equations of motion above are only valid if we can express the

generalized velocities q̇i in terms of (qi, p
i), the variables of phase space.
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1.1.1 Hamiltonian formulation for finite degrees of free-

dom

In the more general case, we will encounter relations of the type

ϕm(qi, p
j) = 0, m = 1, 2, ...,M (1.8)

where M is the number of such relations. This relations must be conserved over

time and will be called primary constraints. The problem of primary constrains

resolves using the method of Lagrange multipliers to the Hamiltonian, we define a

new Hamiltonian H∗:

H∗ = H + λmϕm (1.9)

with λm being the Lagrange multipliers. If we follow the same procedure of using

the principle of least action on the Hamiltonian H∗, we obtain after calculating

the Poisson brackets and setting ϕ = 0:

q̇i = {qi, H∗},

ṗi = {pi, H∗},

ϕm(qi, p
j) = 0, (1.10)

It is important to set the constraints equal to zero only after all the Poisson

brackets have been calculated. To take this into account Dirac introduced the

notation ϕ ≈ 0, which reads “weakly equal”. For example note that H∗ ≈ H.
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Note that the evolution of any function g will now be given by:

ġ = {g,H∗} = {g,H}+ λm{g, ϕm} (1.11)

Now, primary constraints must be preserved in time that is:

{ϕm, H
∗} ≈ {ϕm, H} = 0 (1.12)

While preserving in time primary constraints,

ϕ̇m = {ϕm, H
∗} = {ϕm, H}+ λm

′{g, ϕm′} (1.13)

four different cases might occur:

1. We obtain an identity 0 = 0

2. We obtain an expression for the multipliers λm

3. We obtain new type of constraints ϕ̃m̃ ≈ 0 which are independent of primary

constraints. This relations are called secondary constraints. Say there are

M̃ of them.

4. We obtain an inconsistency

The process of preservation of constraints will not go on indefinitely it will end in

option 1, 3, or 4. If new constraints appear we repeat the process until we get 1 or

3. If we obtain option 4, the theory must be discarded. At the end we will have

M + M̃ constraints which for convenience we shall say we have M constrains in

total.

Now we can define the extended Hamiltonian, which contains both primary and
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secondary constraints:

H̃ = H + λmϕm (1.14)

Using an extended variational principle the equations of motion can be written as

follows:

q̇i = {qi, H̃},

ṗi = {pi, H̃}, (1.15)

where automatically all constrains that preserve through time are set weakly to

zero, ϕm ≈ 0. As done previously, time evolution for a function in phase space g

is given by:

ġ = {g, H̃} = {g,H}+ λm{g, ϕm} (1.16)

Note that H̃ ≈ H∗ ≈ H. If we use the extended Hamiltonian to preserve the

constraints we obtain:

{ϕm, H}+ λm
′△mm′ ≈ 0 (1.17)

where △mm′ = {ϕm, ϕm′}, and note that they are the components of an M ×M

matrix. Also, {ϕm, H} and λm
′
are column vectors of length M . The multipliers

can be expressed as a sum of two terms:

λm = Um + V m

where Um = Um(qi, p
i) is a particular solution to the equation

Um{ϕm′ , ϕm} ≈ −{ϕm′ , H}.
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Meanwhile, V m = V m(qi, p
i) is a vector belonging to the kernel of the matrix △

with components △mm′ . That is,

V m′{ϕm, ϕm′} ≈ 0, V m ∈ ker(△).

If we define a basis V m
a = V m

a (qi, p
i) with a = 1, . . . , A in ker(△), then we can

write

V m = vaV m
a .

Here, va are arbitrary coefficients. With this decomposition, the Hamiltonian H̃

takes the form

H̃ = H + Umϕm + vaV m
a ϕm = H ′ + vaϕa, where ϕa = V m

a ϕm. (1.18)

The number of constraints ϕa matches the dimension of the kernel, meaning

dim(ker(△)) = A. Consequently, the time evolution of any phase space function

g is given by

ġ = {g,H ′ + vaϕa}.

With this new notation, it follows that the Poisson bracket of H ′ with any con-

straint vanishes weakly. Specifically,

{H ′, ϕm} = {H,ϕm}+ Um′{ϕm′ , ϕm} ≈ 0. (1.19)

Because of the preservation of all constraints and the fact that

{ϕa, ϕm} = V m′

a {ϕm′ , ϕm} ≈ 0 (1.20)



18

as V m
a is an element of the kernel of △. Note that there are A = dim(ker(△))

number of first class constraints. The quantities whose Poisson bracket with all

constraints is weakly zero are called first class quantity. Similarly if a quantity

has at least one Poisson bracket that is not weakly zero with a constraint , then it

is a second class quantity. Note that we also have made a rigorous definition

for primary and secondary constraints. A constraint which Poisson bracket with

all other constraints is weakly zero is a first class constraint, and following the

same pattern we also define on the contrary second class constraints.

In general we have A primary constraints and R = M − A secondary constraints

which we will call χr. We can arrange the constraints in the following matrix:

△̃ ≈

 (Λrr′)R×R {χr, ϕ
′
a}R×A

{ϕa, ϕr′}A×R {ϕa, ϕ
′
a}A×A

 ≈

(Λrr′)R×R 0R×A

0A×R 0A×A

 (1.21)

with Λrr′ ≈ {χr, χr′}. Dirac proved a theorem asserting that the determinant of

the matrix with elements Λrr′ ≈ {χr, χr′} does not vanish, even in a weak sense.

Consequently, the number of second-class constraints ( therefore, the matrix di-

mension) must be even.

We now define the Dirac brackets between two phase space functions F and G

as

{F,G}∗ = {F,G} − {F, ϕj}∆jj′{ϕj′ , G} (1.22)
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then the evolution equation can be written as

ġ = {g,H + vaϕa}∗ (1.23)

where we recall that {ϕa, χr} ≈ 0. The Dirac brackets satisfy the same properties

as Poisson brackets, namely

{F,G}∗ = −{G,F}∗ (1.24)

{F,GH}∗ = {F,G}∗H +G{F,H}∗ (1.25)

{{F,G}∗, H}∗ + {{H,F}∗, G}∗ + {{G,H}∗, F}∗ = 0 (1.26)

Additionally, the Dirac bracket of any phase space function with a second-class

constraint χr is strongly zero. That is,

{χr, g}∗ = {χr, g} − {χr, χr′}∆r′s′{χs′ , g}

= {ϕr, g} −∆rr′∆
r′s′{χs′ , g}

= {ϕr, g} = 0

Now, we turn our attention to a system of infinite degrees of freedom. That is, we

want the Hamiltonian formulation for a field.
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1.1.2 Hamiltonian formulation for infinite degrees of free-

dom

In this section, the degrees of freedom are now infinite. We assume that the reader

has a basic understanding of the Lagrangian density

L =

∫
d3xL(ΦI , ∂µΦI)

where ΦI is the field I, with I = 1, 2, ..., N , that is, N fields in general. The

Lagrangian density must be considered as a function that contains all information

of interest about the field we wish to study. Note now that L is a functional and

we can write the action as

S =

∫
d4xL.

Now in the same way as for finite degrees of freedom, we can define the conjugate

momentum for the field ΦI as follows:

ΠI =
δL

δΦ̇I

=
∂L
∂Φ̇I

(1.27)

where δL
δΦ̇I

is the functional derivative with respect to the field Φ̇I . We assume that

the reader is familiar with this concept. Note that we supposed that ΠI can be

written in terms of Φ̇I , if not we will follow the same procedure as last section.

Now again by performing a Legendre transformation on L, we define the Hamil-

tonian density:

H =
(
ΠIΦ̇I − L

)∣∣∣
ΠI

(1.28)
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Again using the principle of least action one can show that the equations of motion

can be written as:

Φ̇I =
δH

δΠI
=

∂H
∂ΠI

, (1.29)

Π̇I = − δH

δΦI

= − ∂H
∂ΦI

+ ∂i
∂H

∂(∂iΦI)
, (1.30)

Now we need to pass from the discrete formulation to the continuous, the

Poisson Brackets are defined as

{F,G} =

∫
d3x

(
δF

δΦI

δG

δΠI
− δF

δΠI

δG

δΦI

)
(1.31)

and thus the evolution in time will be given by

Ḟ = {F,H}.

Now we want to calculate the Poisson brackets between the fields and their mo-

menta, for that we define

δΦI(x⃗, t) =

∫
d3x′

δΦI(x⃗, t)

δΦJ(x⃗′, t)
δΦJ(x⃗

′, t) (1.32)

from which necessarily

δΦI(x⃗, t)

δΦJ(x⃗′, t)
= δJI δ

3(x⃗− x⃗′) (1.33)
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and in the same way we define

δΠI(x⃗, t)

δΠJ(x⃗′, t)
= δIJδ

3(x⃗− x⃗′). (1.34)

From this it is straightforward to calculate the Poisson brackets of the fields and

momenta at equal time,

{ΦI(x⃗, t),Π
J(y⃗, t)} = δJI δ

3(x⃗− y⃗) (1.35)

{ΦI(x⃗, t),ΦJ(y⃗, t)} = 0 (1.36)

{ΠI(x⃗, t),ΠJ(y⃗, t)} = 0 (1.37)

Finally it is important to note that if we are dealing with a continuous system that

has second class constraints, in the same way we must make the jump between

discrete to continuous (i.e. from coordinates to fields, from sum to integration)

and define the matrix Λrr′ ≈ {χr, χr′}, and then the Dirac brackets. We will not

go into detail as the field we wish to quantize later on will only have primary

constraints. Our next goal is to see how to quantize our field theory. In the same

way, we will use the discrete case and then make the jump to the continuous. To

quantize our theory we shall use the canonical quantization method.

1.2 Canonical quantization

Until now we have seen how to use the Hamiltonian formulation for out theory,

now we want to follow some rules to quantize it. In the most simple case when
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there are no constraints we follow the next rules (setting c = ℏ = 1):

1. The canonical variables qi, p
i now become operators q̂i, p̂

i that act on vectors

|ψ⟩ ∈ V, with V a Hilbert space.

2. The Poisson brackets are replaced by the commutators, that is

{qi, pj} → −i[q̂i, p̂j]

and with this we obtain the algebra of the operators.

3. The evolution of physical states is given by the Schrödinger equation

Ĥ|ψ⟩ = i
∂

∂t
|ψ⟩

This is the recipe to follow even when we have constraints, but we need to see what

are the consequences of having such constraints in how we quantize our system.

1.2.1 Quantization of systems with only first class con-

straints

In the classical field theories, the first class constraints are the ones that generate

the gauge transformations on the theory [8]. In the same way, we want to make

first class constraints do the same thing to our quantize theory, making that for

some representation of ϕ̂a, obtain from converting the canonical variables into

operators. We impose that |ψ⟩phy are invariant under the transformation

eiϵ
aϕ̂a |ψ⟩phy = 0 (1.38)
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which implies that

ϕ̂a|ψ⟩phy = 0 (1.39)

imposing constraints on the phase space. As a consequence, the procedure for

quantizing theories with first-class constraints consists of the following:

1. The canonical variables qi, p
i become operators q̂i, p̂

i, which act on

functionals ψ[q, p] ∈ V, where V is a Hilbert space.

2. The algebra of operators is obtained from the Poisson brackets of

the canonical variables:

{qi, pj} → −i[q̂i, p̂j].

3. Physical functionals are those annihilated by the first-class con-

straints:

ϕ̂a|ψ⟩phy = 0.

4. The evolution of the physical states follows from the Schrödinger

equation:

ˆ̃H|ψ⟩phy = Ĥ ′|ψ⟩phy + vaϕ̂a|ψ⟩phy = Ĥ|ψ⟩phy = i
∂

∂t
|ψ⟩phy.

Here, Ĥ is the Hamiltonian operator derived from the original Hamiltonian H,

since H ′ includes (in this case) first-class constraints that annihilate the physical

states.
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1.3 Electromagnetism in the Presence of Electric

and Magnetic “Charges”

As an example of all studied so far we will see how to follow the recipe outlined

before using the Schwinger action. Our aim is to study a theory that allows the

existence of particles with electric or magnetic “charges” and thus set the ground

for studying particles who have both of them at the same time, that is a dyons.

As Dirac postulated [1][2] the existence of a magnetic monopole will explain the

quantization of electric charge in the universe, a mystery which is still unsolved

to this day. Therefore there is still motivation to study such theories using the

geometric representation. Our aim is to detail the previous work done regarding

magnetic monopoles [6][9][7].

1.3.1 Schwinger action

We base our approach on the first-order Schwinger action[10], to which we add the

presence of particles carrying electric charge and others carrying magnetic charge:

S =

∫
d4x

(
− AµJ

µ
e −BµJ

µ
m − 1

2
F µν(∂µAν − ∂νAµ) +

1

4
F µνFµν

)
+

∫
dt

(
1

2
m ˙⃗r2 +

1

2
M

˙⃗
R2

) (1.40)

where our canonical variables are given by the independent fields Aµ and F µν .

We also introduce variables associated with the position of the particles: r⃗ for

those carrying electric charge (”small” particles) and R⃗ for those carrying mag-



26

netic charge (”large” particles). Moreover, Jµ
e and Jµ

m represent the currents cor-

responding to the electric and magnetic sources, respectively, given by:

Jµ
e = eqev

µ(t)δ(3)(x⃗− r⃗), (1.41)

Jµ
m = gQmv

µ(t)δ(3)(x⃗− R⃗), (1.42)

where e (g) represents a unit of electric (magnetic) charge flux, and qe (Qm) are

integers representing the charge values carried by the particles at positions r⃗ (or

R⃗). The velocity vµ(t) = (1, v⃗) allows us to compactly write the currents as

Jµ
ξ = (ρξ, J⃗ξ). In Eq. (1.40), the field Bµ(x) is defined as:

Bµ(x) =

∫
d4y∗F µν(y)f ν(y − x) + ∂µλm(x), (1.43)

where λm(x) is an arbitrary function and f ν(y) satisfies:

∂νf
ν(y) = δ4(y) (1.44)

In order to derive the equations of motion, we perform variations with respect to

the independent fields Aµ and F µν . The total variation of the action given in (4.1)

then results in:

δS =

∫
d4x

(
−δAµJ

µ
e − δBµJ

µ
m − 1

2
δF µν(∂µAν − ∂νAµ)− ∂µF

µνδAν +
1

2
F µνδFµν

)

By varying with respect to Aµ, we straightforwardly obtain:

δS

δAµ

= −Jµ
e + ∂νF

νµ = 0 ⇒ ∂νF
νµ = Jµ

e . (1.45)



27

Meanwhile, variations with respect to F µν contribute as follows:

∫
d4xδBαJ

α
m =

∫
d4x

(∫
d4yδ ∗Fαβ(y)f

β(y − x)

)
Jα
m (1.46)

=

∫
d4x

(∫
d4y

1

2
ϵαβµνδF

µν(y)fβ(y − x)

)
Jα
m, (1.47)

which directly leads to:

δS

δF µν
= −1

2
(∂µAν − ∂νAµ) +

1

2
Fµν +

1

2
ϵαβµν

∫
d4yJα

mf
β(y − x) = 0. (1.48)

Thus, we obtain:

Fµν = (∂µAν − ∂νAµ)− ϵµνλσ

∫
d4yJλ

m(y)f
σ(y − x). (1.49)

Taking the divergence of (1.49), contracting properly with the Levi-Civita anti-

symmetric tensor, and assuming the conservation of the current, we arrive at the

second group of Maxwell’s equations:

∂ν
∗F µν = Jµ

m. (1.50)

In summary, incorporating the magnetic monopole modifies Maxwell’s equations

into the following general form:

∂νF
µν = Jµ

e , ∂ν
∗F µν = Jµ

m, (1.51)
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where the dual field tensor is given by:

∗F µν =
1

2
ϵµνλσFλσ. (1.52)

Thus we now have magnetic and electric currents.

1.3.2 Canonical quantization of Schwinger action

We begin decomposing the action in 3 + 1 dimensions:

S3+1 =

∫
d4x

(
− A0J

0
e −B0J

0
m − AiJ

i
e −BiJ

i
m − F 0i(∂0Ai − ∂iA0) (1.53)

− 1

2
F ij(∂iAj − ∂jAi) +

1

2
F 0iF0i +

1

4
F ijFij

)
.

Proceeding with the definition of the canonical momenta associated with the field-

independent variables at first order, which are A0, Ai, and Fij, we obtain:

Π0(x) ≈ 0,

Πi(x) = −F 0i = Ei, (1.54)

Πij(x) ≈ 0.

From the above relations, the first and third expressions correspond to primary

constraints in the Dirac sense, marked as ”weakly zero.” The quantity F 0i serves

as the conjugate momentum of Ai, meaning it is not treated as an independent
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field from the start. The momenta associated with the particles are:

p⃗ =
∂L

∂ ˙⃗r
= m ˙⃗r + eqA⃗(r⃗), (1.55)

P⃗ =
∂L

∂
˙⃗
R

=M
˙⃗
R + gQB⃗(R⃗). (1.56)

From these expressions, we can solve for the velocities of the particles in terms

of the momenta and fields. Now, we express the temporal component of the

interaction term with the magnetic monopole as:

∫
d3xB0(x)J

0
m(x) =

∫
d3x

∫
d4y

[
∗F0kf

k(y − x)

]
gQδ(3)(x⃗− R⃗)

=
1

2
gQ

∫
d3yϵijkFij(y)f

k(y⃗ − R⃗). (1.57)

This result suggests a convenient definition: bij ≡ gQϵijkf
k(x − R), which

allows us to rewrite the last equation as:

∫
d3xB0(x)J

0
m(x) =

1

2

∫
d3xbij(x)Fij(x),

where bij depends on the location of the monopole. We can now treat Π0 = 0 not

as a constraint but rather as a multiplier. That is because there are no temporal

derivatives of A0. Also note that we do not treat F 0i as a canonical variable

since it turns out to be a conjugate momenta[11]. After performing the Legendre
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transformation on the fields, the total Hamiltonian can be written as:

H∗ =

∫
d3x

[
1

2
Π2

i −
1

4
F 2
ij +

1

2
Fij(fij + bij)

]
−

∫
d3xA0

[
∂iΠ

i − eqδ(3)(x⃗− r⃗)

]
+

∫
d3xuij(x)Π

ij(x) +
(p⃗− eqA⃗(r⃗))2

2m
+

(P⃗ − gQB⃗(R⃗))2

2M

= H +

∫
d3xuij(x)Π

ij(x). (1.58)

where uij are Lagrange multipliers. The term H represents the canonical Hamil-

tonian, while fij is given by fij = ∂iAj(x) − ∂jAi(x). The function A0 acts as a

Lagrange multiplier and reveals a primary constraint in the Hamiltonian formula-

tion, explicitly written as

ϕ =
(
∂iΠ

i − eqδ(3)(x⃗− r⃗)
)
≈ 0, (1.59)

which corresponds to the Gauss constraint in the presence of electric charges. This

constraint is first-class, meaning its Poisson bracket with the Hamiltonian vanishes.

Along with Πij(x) from Eq. (4.18), these represent the system’s constraints.

In Eq. (4.22), we observe that the kinetic energy of the particles generates a

coupling with the vector potentials, affecting the covariant momenta of the parti-

cles. For a charged particle, this coupling naturally emerges from the interaction

term in the action, given by

∫
d3x

(
−Ai(x)J

i
c(x)

)
= −eq

∫
d3x

(
Ai(x)ṙ

i(t)δ(3)(x⃗− r⃗)
)

= −eq
∫
d3x

[
Ai(x)ṙ

i(t)δ(3)(x⃗− r⃗)
]
= eqA⃗ · ˙⃗r. (1.60)
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Once again, considering the interaction between a magnetic monopole and a field,

the Lagrangian density leads to the following expression:

−
∫
d3x

(
Bi(x)J

i
m(x)

)
= −

∫
d3x

∫
d4y (∗Fiµ(x)f

µ(y − x)Jµ
m(x))

= −gQ
∫
d3x

∫
d4y

(
∗Fiµ(x)f

µ(y − x)Ṙi(t)δ(3)(x⃗− R⃗(t))
)

= −gQ
∫
d3x

∫
d4y

(
∗Fi0(x)f

0(y − x)

+ ∗Fij(x)f
j(y − x)

)
Ṙi(t)δ(3)(x⃗− R⃗(t)). (4.25)

By utilizing the expression for Bµ(x) and the corresponding magnetic monopole

current, along with the definition ∗Fµν = 1
2
ϵµναβF

αβ, we can manipulate equation

(4.25) to extract the magnetic ”potential” vector:

Bi(R⃗(t)) =

∫
d3x ϵijkF

0if j(y − R⃗(t)) =

∫
d3x ϵijkΠ

if j(y − R⃗(t)), (4.26)

To correctly interpret this result in terms of the “magnetic momentum,” one must

analyze how the interaction manifests through the potential. This allows for dif-

ferent choices for f j(y − x). We now establish the standard algebra of Poisson

brackets for fields and matter at equal times. The nonzero ones are:

{
Fij(x⃗),Π

kl(y⃗)
}
=

1

2

(
δki δ

l
j − δliδ

k
j

)
δ(3)(x⃗− y⃗),

{Aµ(x⃗),Π
ν(y⃗)} = δνµδ

(3)(x⃗− y⃗),{
ri, pj

}
= δij,{

Ri, Pj

}
= δij. (1.61)
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Using these brackets, we proceed to ensure the preservation of constraints over

time to determine whether secondary constraints arise (or, in some cases, to solve

for a Lagrange multiplier). Preserving the primary constraint Πij(x) ≈ 0, we

obtain: {
Πij(x⃗), H∗} = Kij(x) = Fij(x)− fij(x)− bij(x) ≈ 0. (1.62)

Since the conjugate momentum Πij(x) has a nonzero Poisson bracket only with the

last two terms in the first integral of (1.58), where the fields Fij are present. Equa-

tion (1.62) represents a new constraint. We proceed with its time preservation,

obtaining:

K̇ij = {Kij, H
∗} ≈ 0 ⇒

− 2uij(x) + ∂iΠ
j(x)− ∂jΠ

i(x)− gQϵijk

(
Pl + gQBl(R⃗)

) ∂fk(x⃗− R⃗)

∂Rl
= 0,

(1.63)

from which we can solve for the Lagrange multipliers, obtaining

uij(x) = −1

2
(∂jF0i(x)− ∂iF0j(x)) + gQϵijk

(
Pl + gQBl(R⃗)

) ∂fk(x⃗− R⃗)

∂Rl
. (1.64)

These expressions must then be substituted back into the Hamiltonian (1.58).

Thus, we have the constraints: Πij ≈ 0, ϕ =
(
∂iΠ

i − eqδ(3)(x⃗− r⃗)
)
≈ 0 and

Kij = Fij−fij−bij ≈ 0. From this, we can see that Π0 and the Gauss constraint are

first-class, whereas the others are second-class constraints. Consequently, following

Dirac’s procedure, we introduce Dirac brackets to obtain a consistent quantum

theory, allowing us to strongly impose the second-class constraints to zero. This

approach allows us to bypass the cumbersome process of explicitly constructing
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the Dirac matrix and inverting it, both of which are required to obtain the desired

brackets. Instead, we express the field Fij and its conjugate momentum Πij in

terms of the remaining canonical variables. We achieve this by strongly enforcing

the second-class constraints and substituting everything back into the Hamiltonian.

At that stage, the only brackets we need to consider are the Dirac brackets,

which in this case coincide with the Poisson brackets. These apply only to the

remaining canonical variables: the fields A0, Ai, and their conjugate momenta Π0

and Πi. This is because we have already eliminated Fij and Πij, as they were

involved in the second-class constraints.

Our Hamiltonian is given by equation (1.58), where we first incorporated the

Lagrange multipliers uij that were previously solved for. Then, by strongly en-

forcing Πij = 0, we eliminate this variable completely [12]. Substituting Fij(x⃗) =

fij(x⃗) + bij(x⃗), we obtain:

H∗ =

∫
d3x

[
1

2
Π2

i +
1

4
(fij + bij)

2 − A0

(
∂iΠ

i − eqδ(3)(x⃗− r⃗)
)]

+
(p⃗− eqA⃗(r⃗))2

2m
+

(P⃗ − gQB⃗(R⃗))2

2M
. (1.65)

To simplify the formulation further [6], we introduce an additional constraint in

an ad hoc manner. This transformation converts a set of previously first-class

constraints into second-class ones. For instance, by choosing the temporal gauge

A0 = 0 and treating this as a new constraint, we obtain a new pair of second-class

constraints: Π0 and A0. Following the earlier procedure, we eliminate these vari-

ables from the formalism, leaving only the fields Ai and their conjugate momenta
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Πi, along with the algebra generated by their Dirac brackets, which in this case

coincide with the Poisson brackets.

Finally, we proceed with quantization using the standard approach. To clar-

ify the process, we recall that Dirac brackets are replaced by commutators, and

canonical variables become operators. These operators must act within the phys-

ical sector of the theory. The physical states |Ψ⟩phy must satisfy the following

constraint, which generalizes Gauss’s law:

(
∂iΠ̂

i − eqδ(3)(x⃗− r⃗)

)
|Ψ⟩phy = 0. (1.66)

From the system’s structure, we obtain the fundamental commutators that do not

vanish:

[
Âi(x), Π̂

j(y)
]
= iδji δ

(3)(x⃗− y⃗),[
r̂i, p̂j

]
= iδij, (1.67)[

R̂i, P̂j

]
= iδij.

The dynamics governing the evolution of physical states is determined by the

Schrödinger equation, which explicitly takes the form:

[ ∫
d3x

(
1

2
Π̂2

i +
1

4
(f̂ij + bij)

2

)
+
(ˆ⃗p− eq

ˆ⃗
A)2

2m
+

(
ˆ⃗
P − gQ

ˆ⃗
B)2

2M

]
|Ψ⟩fis = i

∂

∂t
|Ψ⟩fis.

(1.68)

It is worth emphasizing that, in the absence of a magnetic monopole, the Hamil-

tonian simplifies to the standard Maxwell theory coupled to electric charges. In
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such a case, the magnetic field is solely determined by the exterior derivative of

the potential:

Fij = ∂iAj − ∂jAi.

However, when a magnetic monopole is present, an additional contribution ap-

pears, which manifests as an external field term bij. Now our next step is to use

the geometric representation explained in the following chapter, so that we can

express the operators using geometric objects with the constraint that they obey

the commutator relations described above. In the next chapter the geometric rep-

resentation will be explained and later on it will be used in the case fo the dynamic

dyone.
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Chapter 2

Geometrical representation

Once our theory is quantized we want to obtain a representation for the operators

in a geometric language. As we will see, we want a realization involving paths,

loops and surfaces such that it satisfies the commutators algebras and solves the

constraints. We will use this geometric base such that the wave functional now

depends on this objects. We first need to introduce the path and surface groups

with their respective derivatives and form factors which will allow us to choose

correctly the operators of our field theory. [6][9][7].

2.1 Path and Surface groups

The geometric formulation employs operators that act on curves, specifically 1-

dimensional surfaces. We define the space of paths P as the collection of all
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1-surfaces on a manifold M . More precisely, these are maps γ : [s1, s2] ∪ · · · ∪

[sn−1, sn] → M that are smooth within each interval [si, si+1] and continuous

across the entire domain. The composition of two paths is given by:

γ1 ◦ γ2 =


γ1(2t) t ∈

[
0, 1

2

]
γ2

(
2(t− 1

2
)
)

t ∈
[
1
2
, 1
] (2.1)

In simple terms, this operation corresponds to traversing the path γ1 first,

followed by γ2. Our primary focus is on the geometric properties of the paths

rather than their specific parametrization. The composition of paths does not have

an abelian group structure, for that reason, it is natural to introduce a equivalence

relation between curves. We define the Form Factor as follows:

T i(x⃗, γ) =

∫
γ

dyi δn(x⃗− y⃗). (2.2)

We can simply think of the form factor as a function that extracts the tangent

vector at a given point. For that reason it is easy to note that the form factor is

independent of the parametrization of the path γ. For that reason we it defines

an equivalence relation between curves,

γ1 ∼ γ2 ⇐⇒ T i(x⃗, γ1) = T i(x⃗, γ2)

Now all parametrization of a path belong to a single equivalence class. Because

the composition of two paths is another path, the composition is associative, we

can define the identity path such that id ◦ γ = γ ◦ id = γ, and finally we define
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the inverse path γ−1 as the path traversed in the opposite direction as γ. This

shows that the set of paths forms a group under composition.

Having defined the form factor, we now explore how it naturally leads to the

structure of an Abelian group, known as the Abelian Path Space. The key

observation is that the form factor T i(x⃗, γ) assigns a field contribution based on

the integration over the path γ. It is easy to notice that:

T i(x⃗, γ1 ◦ γ2) = T i(x⃗, γ1) + T i(x⃗, γ2), (2.3)

which suggests that the space of paths inherits a group-like structure. Since the

form factor depends only on the total integral over the path, the order of compo-

sition does not affect the result:

γ1 ◦ γ2 = γ2 ◦ γ1.

This last property ensures that the set of equivalence classes of paths, under this

composition rule, forms an Abelian group. Thus, the space of paths modulo this

equivalence relation is known as the Abelian Path Space.

We can generalize this notion to p-surfaces. In this generalized setting, the

fundamental objects are p-dimensional surfaces embedded in a manifold M . We

define the space of oriented p-surfaces, denoted Sp, as the collection of maps

Σ : [s1, s2]× · · · × [sp1, s
p
2] ∪ · · · ∪ [s1n−1, s

1
n]× · · · × [spn−1, s

p
n] →M
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that are smooth within each subinterval [si, si+1] and globally continuous across

the domain. The composition of these surfaces follows a similar prescription to

that of paths, as outlined in Equation (2.1). However, since our focus is on the

geometric properties of these objects rather than their specific parameterizations,

we introduce equivalence classes using the form factor again. This ensures that

two different parametrizations of the same p-surface are treated as equivalent. To

make this an abelian group,

T i1...ip(x⃗,Σ) =

∫
Σ

dΣi1...ip(y⃗) δD−1(x⃗− y⃗).

Two p-surfaces are then considered equivalent if they have the same form factors.

We are interested in the group of surfaces, that is p = 2. where the form factor

is wirtten as:

T ij(x⃗,Σ) =

∫
Σ

dΣij
y δ

(3)(x⃗− y⃗). (2.4)

where

dΣij
y =

∂yi

∂s

∂yj

∂t
− ∂yi

∂t

∂yj

∂s
. (2.5)

Here t and s are the parameters needed to parametrize the surface. In the same

way as paths, two surfaces Σ1 and Σ2 are equivalent if they have the same form

factor, that is:

Σ1 ∼ Σ2 ⇐⇒ T ij(x⃗,Σ1) = T ij(x⃗,Σ2).

We now have constructed the group of surfaces. It is important to note that for

both the path-space and surface-space there are important subgroups, that is the

group of loops and the groups of closed surfaces respectively. This groups will

also play a crucial role in the next chapters. Now we need to define the derivatives
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associated with each of this spaces that will allow us to represent our operators

using them.

2.2 Path and loop derivatives

Remember we are now working with wave functionals, where the wave function

ψ now depends on a path γ (or surfaces Σ as we will see next). We can chose

the base |γ⟩ from which we can construct this representation of the wave function,

that is: ⟨γ | ψ⟩ = ψ(γ). Now we can define the path derivative as follows: We

consider an infinitesimal path, or “increment”, denoted as ux⃗, which starts at the

point x⃗ and extends slightly in the direction of the tangent vector u⃗. This can be

written as ux⃗+u⃗
x⃗ . The functional ψ(γ), when evaluated on the slightly perturbed

path (up to first order in u⃗), takes the form

ψ(γ ◦ ux⃗) = ψ(γ) + uiδi(x⃗)ψ(γ).

and thus we have:

uiδi(x⃗)ψ(γ) = ψ(γ ◦ ux⃗)− ψ(γ) (2.6)

In similar manner, we now define the loop derivative. Given a path, we define

an “infinitesimal cycle” as the increment δC, which takes the form

δC = ux⃗ ◦ vx⃗+u⃗ ◦ ūx⃗+u⃗+v⃗ ◦ v̄x⃗+v⃗
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representing the boundary of an infinitesimal surface element σ, whose area ele-

ment is given by

σij = uivj − ujvi,

generated by the vectors u⃗, v⃗. From this, we naturally arrive at the definition of

the loop derivative:

ψ(γ ◦ δC)− ψ(γ) =
1

2
σij∆ij(x⃗)ψ(γ) (2.7)

which holds to first order in σ. It can be shown that applying the definition of

path differentiation (Eq. (2.6)) to the infinitesimal cycle δC and substituting into

Eq. (2.7), we obtain directly:

∆ij(x⃗) = ∂iδj(x⃗)− ∂jδi(x⃗). (2.8)

We will not go deeper into the definition of these objects, as they are already

well studied [13]. We know write some useful relations between the path and loop

derivatives with the form factor. Note that:

T i(x⃗, γ ◦ uy) =
∫
γ◦uy

dyi δn(x⃗− y⃗) = T i(x⃗, γ) + ujδijδ
n(x⃗− y⃗),

which leads to the result

δi(y⃗)T
j(x⃗, γ) = δji δ

n(x⃗− y⃗). (2.9)
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Similarly, for the loop derivative, we obtain:

∆ij(y⃗)T
k(x⃗, γ) = δkj ∂iδ

n(x⃗− y⃗)− δki ∂jδ
n(x⃗− y⃗). (2.10)

We now analyze the divergence of the form factor in the context of paths. As an

example of a calculation involving this factor, we obtain:

∂iT
i(x⃗, γ) = −

∫
dyi∂yi δ

(3)(x⃗− y⃗) = −ϱ(x⃗, γ). (2.11)

In the previous expression, we have defined ϱ(x⃗, γ) as the distribution of path

endpoints γ, given by:

ϱ(x⃗, γ) =
∑
s

(
δ(3)(x⃗− β⃗s)− δ(3)(x⃗− α⃗s)

)
. (2.12)

This distribution is supported at the endpoints or boundaries of the path seg-

ments (∂γ). The sign distinguishes whether the points correspond to the starting

positions (α⃗s) or the final positions (β⃗s) of these segments.

Notice that these relations are important as they will make the operators obey

the commutator algebra.
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2.3 Open p-surface and closed p-surface deriva-

tives

We can now define the extended derivatives for p-surfaces [13], the open p-surface

derivative δi1...ip(x⃗) and the closed p-surface derivative ∆i1...ip+1(x⃗). Their defini-

tions follow a structure analogous to the one-dimensional case:

σi1...ipδi1...ip(x⃗)ψ(Σ) = ψ(Σ ◦ σx)− ψ(Σ), (2.13)

1

(p+ 1)!
σi1...ip+1∆i1...ip+1(x⃗)ψ(Σ) = ψ(Σ ◦ δσ)− ψ(Σ). (2.14)

As before there is a relation between both derivatives

∆ii1...ip+1(x⃗) =
1

p!
∂[iδi1...ip]. (2.15)

Now for our interest we study the case for p = 2, that is the group of surfaces.

We are interested in the actions of the open and closed surface derivatives on the

form factor. The surface derivative, denoted as δij(x). This derivative measures

the response of surface-dependent functions Ψ(Σ) when an infinitesimal surface

element, with area σij, is “attached” to its argument Σ at the point x. To first

order in σij, we have:

Ψ(δΣ ◦ Σ)−Ψ(Σ) = σijδij(x)Ψ(Σ), (2.16)

where

σij = uivj − vjui, (2.17)
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is the surface element generated by the vectors u⃗ and v⃗. The surface derivative

δij(x), which generalizes the path derivative for open surfaces, should not be con-

fused with the loop derivative △ij(x). By using δij(x), we can define the closed

surface derivative (a three-index derivative) △ijk through the relation:

Ψ(δΣ ◦ Σ)−Ψ(Σ) = V ijk△ijk(x)Ψ(Σ). (2.18)

Just as the loop derivative (which involved two indices and attached infinitesimal

closed paths) was derived from the path derivative (which involved a single index),

the closed surface derivative introduces an infinitesimal “cube” (volume element)

V ijk into the argument of Ψ(Σ). The infinitesimal volume can be expressed as:

V ijk = u[ivjwk], (2.19)

where u⃗, v⃗, and w⃗ are the infinitesimal vectors generating this volume. The re-

lationship between the open and closed surface derivatives follows directly from

their definition and is given by:

△ijk(x) = ∂iδjk(x) + ∂jδki(x) + ∂kδij(x). (2.20)

The surface derivative acting on the form factor yields the following:

δij(x⃗)T
kl(y⃗,Σ) =

1

2

(
δki δ

l
j − δliδ

k
j

)
δ(3)(x⃗− y⃗). (2.21)

Another useful result is to calculate the divergence of the form factor. In the path

formulation when computing the divergence of the form factor the result describes
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a distribution of points corresponding to the start and endpoints of path segments,

namely, the boundary of the paths ∂γ. Similarly, when calculating the divergence

of our form factor in surface space we obtain:

∂iT
ij(x⃗,Σ) = T j(x⃗, ∂Σ). (2.22)

Where ∂Σ is the border of the surface Σ. So, the divergence is the form factor

evaluated in the path ∂Σ that limits the surface. We now have all the tools needed

for using the geometric representation. For more detail mathematics, the following

source is recommended: [13].

2.4 Geometric formulation of Schwinger action

We will now proceed with the example presented in Chapter 1. With the simpli-

fication that we will assume we have static magnetic and electric charges. That

is:

J i
e = 0, J i

m = 0

J0
e = eqδ3(x), J0

m = gQδ3(x)

considering that the charges are on the origin of our reference frame. This simplifies

things a bit, for instance, we have that the first-class constraint now becomes:

(
∂iΠ̂

i − eqδ3(x)
)
|Ψ⟩ = 0 (2.23)
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and the magnetic monopole term bij(x) now becomes:

bij(x) = gQϵijkf
k(x) (2.24)

and finally the Hamiltonian becomes

Ĥ =

∫
d3x

[
1

2
Π̂2

i +
1

4
(f̂ij + b̂ij)

2

]
. (2.25)

Let us now perform the following transformation on the fields, which is convenient

for the analysis and will serve us for the next chapter in the dynamic case. We

define a “new” electric field by subtracting from the “original” electric field a

constant term that represents the field of a point charge:

πi(x⃗) = Πi(x⃗)− Ei
point charge(x), (2.26)

where

Ei
point charge(x) =

eq

4π

x⃗− x⃗0
|x⃗− x⃗0|3

, (2.27)

so that Gauss’s constraint is now written as

(
∂iπ̂

i(x) + ∂iÊ
i
point charge(x)− eqδ(x)

)
|Ψ⟩phys = 0 ⇒ ∂iπ̂

i(x) = 0, (2.28)

due to the fact that

∂iÊ
i
point charge(x) =

eq

4π
∂i

[
(x− x0)

i

|x⃗− x⃗0|3

]
= − eq

4π
∂i∂i

[
1

|x⃗− x⃗0|

]
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= − eq

4π
∇2

[
1

|x⃗− x⃗0|

]
= eqδ3(x⃗− x⃗0).

A more refined formulation of the previous discussion can be considered,we will call

this scheme the “bundles” scheme. To achieve this, we introduce a transformed

field given by:

π̂i(x⃗) = Π̂i(x⃗)− Êi
point charge(x) = Π̂i(x⃗) + eqT i(x⃗, γx⃗0) (2.29)

where T i(x⃗, γx⃗0) characterizes the distribution of tangents of the parallel ”bundles”

that originate at spatial infinity and converge at the position x⃗0. Once again, it can

be directly verified that the constraint condition still holds, now as a consequence

of:

∂iÊ
i
point charge(x) = −eq∂iT i(x⃗, γx⃗0) = eqδ3(x⃗− x⃗0). (2.30)

From this, we define the action of the modified electric field operator, which incor-

porates this shift, as well as the potential acting on the path-dependent functionals

as:

π̂i(x⃗)Ψ(γ) = eq T i(x⃗, γ)Ψ(γ), (2.31)

Âi(x⃗)Ψ(γ) =
i

eq
δi(x⃗)Ψ(γ). (2.32)
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It can easily be shown that this operators obey the commutator algebra (1.67).

Now, notice that,

f̂ij = ∂iÂj − ∂jÂi

=
1

eq
(∂iδj − ∂jδi)

=
1

eq
△ij

Thus, we can write the Hamiltonian in a completely geometric and consistent

manner:

Ĥ =

∫
d3x

[
eq

2

(
T i(x⃗, γ)− T i(x⃗, γx⃗0)

)2 − 1

4(eq)2
(∆ij(x⃗)− ieq bij)

2

]
, (2.33)

recalling that x⃗0 = 0⃗. Finally, the constraint is implemented as

∂iΠ̂
i(x) |Ψ⟩phy = 0 −→ ∂iT

i(x⃗, γ) |Ψ⟩phy = 0,
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Chapter 3

Dynamic Dyons

3.1 First order Schwinger action with electric

and magnetic “charged” particles

We now want to study the Schwinger action at first order in the presence of a

new type of particle that possesses both electric and magnetic “charge”. We will

call this particle: Dyon.The following was mainly built on the work of Ernesto

Fuenmayor and his previous studies [12, 14, 15]. Consider the action similar to

the one studied as an example before:

S =

∫
d4x

(
− (Aµ +Bµ) J

µ
D − 1

2
F µν(∂µAν − ∂νAµ) +

1

4
F µνFµν

)
+

∫
dt

(
1

2
m ˙⃗r2

) (3.1)



50

Once again, our dynamical variables are given by the independent fields Aµ and

F µν , respectively, along with the position coordinates r⃗ of particles carrying both

electric and magnetic charges. Additionally, the current associated with the dyone

is represented by Jµ
D, which is expressed as

Jµ
D = eg vµ(t)δ(3)(x⃗− r⃗).

As in section 1 following the Hamiltonian formulation, we define the conjugate

momenta and decompose the action in 3 + 1 dimensions obtaining very similar as

before:

H∗ =

∫
d3x

[
1

2
Π2

i −
1

4
F 2
ij +

1

2
Fij(fij + bij)

]
−

∫
d3xA0

[
∂iΠ

i − eqδ(3)(x⃗− r⃗)

]
+

1

2m

[
p⃗− eg

(
A⃗(r⃗) + B⃗(r⃗)

)]2
+

∫
d3xuij(x)Π

ij(x)

= H +

∫
d3xuij(x)Π

ij(x). (3.2)

where uij are the Lagrange multipliers, and H represents the canonical Hamilto-

nian. As before, e (g) represents the elemental electric (magnetic) charge, and q is

a number that specifies the total charge of the particle. The definitions are given

by

fij = ∂iAj(x)− ∂jAi(x), bij(x) ≡ egϵijkf
k(x⃗− r⃗). (3.3)

We have the freedom to choose fk, as discussed in section 1. The function A0 serves

as a Lagrange multiplier, making it straightforward to identify the constraint

ϕ =
(
∂iΠ

i − egδ(3)(x⃗− r⃗)
)
≈ 0, (3.4)
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which corresponds to the Gauss constraint in the presence of electric charges.

Along with

Πij(x) = 0, (3.5)

these constraints define the system’s fundamental restrictions. By implement-

ing canonical quantization, we obtain the following result. After resolving the

second-class constraints appearing in the canonical formalism—using Dirac bracket

constructions—we obtain canonical variable pairs (operators) associated with the

fields

Âi(x), Π̂i(x), (3.6)

as well as the variables corresponding to the particles

r̂i, p̂j, (3.7)

which satisfy the expected algebraic structure. The only commutators that do not

vanish, inherited from the system, are given by:

[
Âi(x), Π̂

j(y)
]
= iδji δ

(3)(x⃗− y⃗), (3.8)[
r̂i, p̂j

]
= iδij. (3.9)

These operators must be applied in the physical sector of the states |Ψ⟩phy, within

a space that satisfies the generalized Gauss’s law. It is in this context that the

presence of the charge associated with the Dyons becomes evident:

(
∂iΠ̂

i − egδ(3)(x⃗− r⃗)
)
|Ψ⟩phy = 0. (3.10)
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Finally, the time evolution of the physical states is governed by the Schrödinger

equation, which is expressed as:

[∫
d3x

(
1

2
Π̂2

i +
1

4
(f̂ij + bij)

2

)
+

(ˆ⃗p− eg(
ˆ⃗
A(r⃗) +

ˆ⃗
B(r⃗)))2

2m

]
|Ψ⟩phy

= i
∂

∂t
|Ψ⟩phy. (3.11)

Here, the canonical Hamiltonian becomes evident, and we can finally put to use

the geometric formulation

3.2 Geometric formulation for dynamic dyons

There are two ways to use the geometric formulation for the operators concerning

the dynamic dyons, the direct way or the dual way [15][6][9][7]. We will use the

latter, as it will allow us to give a geometric interpretation of the constraint (3.10).

Given the properties of the form factor and the surface derivatives we propose the

following operators acting on the state Ψ(Σ):

Âi(x⃗)Ψ(Σ) = eg ϵijkT
jk(x⃗,Σ)Ψ(Σ), (3.12)

π̂i(x⃗)Ψ(Σ) = − i

eg
ϵijkδjk(x⃗)Ψ(Σ), (3.13)

where π̂i is defined the same way as in eq. (2.29). We have already shown that

the operators satisfy the algebraic structure. The Hamiltonian can be written as
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in the last chapter 2, that is:

Ĥ =

∫
d3x

[
1

2

(
π̂i(x⃗) + Êi

point charge(x)
)2

+
1

4
(f̂ij + b̂ij)

2

]
+

(ˆ⃗p− eg(
ˆ⃗
A(r⃗) +

ˆ⃗
B(r⃗)))2

2m
(3.14)

Now, we will consider the following calculations

ϵmij∂iAj = ϵmij∂iϵjklT
kl =

(
δmk δ

i
l − δml δ

i
k

)
∂iT

kl = ∂iT
mi − ∂iT

im = 2∂iT
mi (3.15)

Remember the divergence of the form factor of the surfaces relates to the boundary

path of the surface, we use the identity ∂iT
ij(x⃗,Σ) = T j(x⃗, ∂Σ), leading to the

following relations:

ϵmij∂iAj = 2∂iT
mi(Σ) = 2Tm(∂Σ), (3.16)

ϵmij∂jAi = −2∂iT
mi(Σ) = −2Tm(∂Σ). (3.17)

From this relations we can write:

f̂ij =
2

3
ϵmijT

m(∂Σ) (3.18)

and if we define

∗b̂i =
1

2
ϵiklb̂kl (3.19)

then it can be easily checked that the Hamiltonian without the dynamic part (lets

call it H’) can be written as:

Ĥ ′ =

∫
d3x

[
1

2

(
− i

eg
ϵijkδjk(x⃗)

)2

+
1

62
(2eg ϵmij T

m(∂Σ) + ϵmij
∗bm)2

]
. (3.20)
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Now the generalized Gauss constraint (3.10) transforms into:

(
i

eg
ϵijk∂iδjk(x) + egδ(3)(x⃗− ˆ⃗r)

)
|Ψ⟩phy = 0 (3.21)

where the same interpretations hold for the constants that define the scales of

electric and magnetic flux, e and g. In this case, the dyon charge is given by

Q̃D = eg, since we have chosen q = Q = 1 for simplicity.

To solve equation (3.21), we assume, without loss of generality, that the wave

functionals in the dual surface space take the form:

ΨD(Σ) ≡ exp (iχ(Σ))ΦD(Σ), (3.22)

and now we substitute equation (3.22) into the constraint to determine the func-

tions χ(Σ) and Φ(Σ).

i

eg
ϵijk∂iδjk(x) [exp (iχ(Σ))ΦD(Σ)] + egδ(3)(x⃗− r̂)ΨD(Σ) = 0

Expanding the derivative inside the first term, we obtain

i

eg
ϵijk [i∂iδjk(x)χ(Σ) exp (iχ(Σ))ΦD + exp (iχ(Σ)) ∂iδjk(x)ΦD]+egδ

(3)(x⃗−r̂)ΨD = 0

For this equation to hold, the function χ(Σ) must satisfy

ϵijk∂iδjk(x)χ(Σ) = (eg)2δ(3)(x⃗− ˆ⃗r) (3.23)
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and also:

ΦD(Σ) = ΦD(∂Σ)

that way δjk(x)ΦD = 0 and with the condition on χ(Σ) outlined above, the con-

straint holds. A valid choice for χ(Σ) that satisfies equation (3.23) is

χ(Σ) =
(eg)2

4π
Ωg(Σ), (3.24)

where Ωg(Σ) represents a geometric term associated with the surface. More specif-

ically, it is the solid angle subtended by any surface bounded by the curve γ = ∂Σ,

and measured from the position r⃗, where the magnetic charge of the particle (dyon)

is located. We chose Ωg(Σ) to be:

Ωg(Σ) =
4π

3! eg

∫
dΣij

y⃗ bij(y⃗)

that is because:

ϵijk∂iδjk(x)χ(Σ) =
eg

3!
ϵijk∂iδjk(x)

∫
dΣlm

y⃗ blm(y⃗)

=
eg

3!
ϵijk∂iδjk(x)

∫
dΣlm

y⃗ (eg)ϵlms f
s(y⃗ − r⃗)

=
(eg)2

3!
ϵijkϵlms δjk(x)

∫
dΣlm

y⃗ ∂if
s(y⃗ − r⃗)

=
(eg)2

3!
ϵijkϵlms δjk(x) T

lm (r⃗,Σ)

=
(eg)2

3!
ϵijkϵlms

1

2
(δljδ

m
k − δmj δ

l
k) δ

(3)(x⃗− r⃗)

= (eg)2δ(3)(x⃗− ˆ⃗r)
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Under this choice, the functionals take the final form

ΨD(Σ) ≡ exp

(
i
(eg)2

4π
Ωg(Σ)

)
ΦD(∂Σ) (3.25)

Notice how now our wave functional is only dependent on a phase which has a

geometric connection to magnetic charge, we could say that is a magnetic func-

tional. In our current formulation, the position of the magnetic charge coincides

with that of the electric charge (since we consider dyons as sources), so writing

the functional (3.25) with a phase depending on the solid angle measured from

the electric charge should be equivalent to writing it with a phase depending on

the solid angle measured from the magnetic monopole, thus obtaining our electric

functional.

Consider an electric charge associated with a particle (such as a dyon) posi-

tioned at r⃗. In this case, we can describe its electric field using the conventional

expression:

Ei
e =

e

4πϵ0

(x− r)i

|x⃗− r⃗|3
, (3.26)

Alternatively, we may adopt the “bundle” framework to represent the field. In

this approach, the final location of the electric charge at r⃗ is described using the

form factor:

Ei
e = − e

ϵ0
T i(x⃗, γ r⃗) (3.27)

As previously discussed, both representations satisfy the necessary divergence con-

dition ∂iE
i
e, apart from constant factors. Moreover, we make use of the relation
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∗Eij ≡ ϵijkE
k
e . Consequently, we define:

Ωe(Σ) =
4πϵ0
3!e

∫
d3x T ij(x⃗,Σ) ∗Eij(x⃗) (3.28)

where Ωe(Σ) represents the solid angle subtended by the boundary curve of the

surface Σ, measured from the position of the electric charge. Notably, this position

coincides with that of the magnetic charge. Notice it works because it can be easily

shown that:

δjk(x)Ω(Σ) = −4π

3!
ϵjklT

l(x⃗, γ r⃗)

and thus,

ϵijk∂iδjk(x)χ(Σ) = (eg)2δ(3)(x⃗− ˆ⃗r)

which is Gauss constraint, or eq. (3.23). By incorporating this into the phase

factor χ(Σ), we can write the functional:

ΨD(Σ) = exp

(
i
(eq)2

4π
Ωe(Σ)

)
ΦD(∂Σ) (3.29)

and we know have found two equivalent forms of wave functionals, eq. (3.25) and

eq. (3.29) both satisfy the constraint (3.23). This result is expected as the dyon

has both magnetic and electric charge.

Our constraint, equation (3.21), follows the same structure as the topological

constraints examined in [15, 14]. We can utilize the fact that the “dice” derivative

(i.e., closed surface derivative) can be rewritten as

ϵijk∂kδjk(x⃗) =
1

3
ϵijk(∂kδij(x⃗) + ∂jδki(x⃗) + ∂iδjk(x⃗)) =

1

3
ϵijk△ijk ≡

1

3
△(x⃗).
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Thus, we can rewrite the constraint in the following form:

(
1

3

i

eg
△(x⃗) + egδ(3)(x⃗− ˆ⃗r)

)
|Ψ⟩phy = 0 (3.30)

Applying this to wave functionals of the form ΨD(Σ, r⃗) ≡ exp(χ(Σ, r⃗))ΦD(Σ, r⃗),

we must then satisfy:

△(x⃗)χ(Σ, r⃗) = −3egi ρD(x⃗) (3.31)

where ρD(x⃗) represents the charge density of the dyon (corresponding to the second

term in the previous constraint). The function χ(Σ, r⃗) can be expressed as follows:

χ(Σ, r⃗) = −iK
∫
d3x

∫
d3x′ ρ(x⃗′)

1

|x⃗− x⃗′|
ϵijk ∂

x⃗
i T

jk(x⃗,Σ) (3.32)

which arises from our chosen surface representation and the tensorial nature of the

constraint under consideration. Expanding this expression, we obtain:

χ(Σ, r⃗) = −iK
∫
d3x

∫
d3x′ ρ(x⃗′)

1

|x⃗− x⃗′|
ϵijk ∂

x⃗
i T

jk(x⃗,Σ)

= −iK
∫
d3x

∫
d3x′

1

|x⃗− x⃗′|
(egδ(3)(x⃗− r⃗))ϵijk∂

x⃗
i

∫
dΣjk

y δ
(3)(x⃗− y⃗)

= −iegK
∫
d3x

∫
dΣjk

y

1

|x⃗− r⃗|
ϵijk ∂

x⃗
i δ

(3)(x⃗− y⃗)

= +iegK

∫
d3x

∫
dΣjk

y ∂
x⃗
i

(
1

|x⃗− r⃗|

)
ϵijkδ

(3)(x⃗− y⃗)

= +iegK

∫
dΣjk

y ∂
y
i

(
1

|y⃗ − r⃗|

)
ϵijk

= −iegK
∫
dΣjk

y

(y − r)i

|y⃗ − r⃗|3
ϵijk

= −2iegK

∫
dSi

(y − r)i

|y⃗ − r⃗|3
(3.33)
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Here, we note that the final term contains the solid angle subtended by the surface

with respect to the dyon’s position. The constant K remains to be determined.

Substituting χ(Σ, r⃗) into the constraint equation (4.98), we obtain:

△(y⃗)χ(Σ, r⃗) = ϵijk△ijk(y⃗)χ(Σ, r⃗) = 3ϵijk∂kδij(y⃗)χ(Σ, r⃗), (3.34)

which expands as follows:

= −3iKϵijk∂ y⃗k

∫
d3x

∫
d3x′ρ(x⃗′)

1

|x⃗− x⃗′|
ϵlmn∂

x⃗
l (δij(y⃗)T

mn(x⃗,Σ))

= −i3K∂ y⃗k
∫
d3x

∫
d3x′ρ(x⃗′)

1

|x⃗− x⃗′|
ϵlmnϵ

ijk∂x⃗l
1

2

(
(δmi δ

n
j − δmj δ

n
i )δ

(3)(x⃗− y⃗)
)

= −i6K
∫
d3x

∫
d3x′ρ(x⃗′)

1

|x⃗− x⃗′|
∂x⃗k∂

y⃗
kδ

(3)(x⃗− y⃗)

= +i6K

∫
d3x

∫
d3x′ρ(x⃗′)∇2

x⃗

(
1

|x⃗− x⃗′|

)
δ(3)(x⃗− y⃗) (3.35)

where in the last line we integrated by parts. Notice now that we can use the green

function of the Laplacian, which has the property:

∇2
x⃗

(
1

|x⃗− x⃗′|

)
= −4πδ(3)(x⃗− x⃗′) (3.36)

Then we can write

△(y⃗)χ(Σ, r⃗) = 24πiK

∫
d3x ρ(x⃗) δ(3)(x⃗− y⃗) = 24πiKρ(y⃗) (3.37)
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Comparing with equation (3.31) we obtain that

K = − eg

8π
(3.38)

therefore writing the expression for the phase of the wave functional

χ(Σ, r⃗) = i
(eg)2

4π

∫
dΣjk

y

(y − r)i

|y⃗ − r⃗|3
ϵijk = i

(eg)2

4π
Ω(Σ). (3.39)

This method is well constructed and can be generalized for higher dimension the-

ories, as this approach does not require previous information about the nature of

the system.

Two distinct geometric representations based on cycles can be established.

The first is the standard or “direct” representation, where the cycles correspond

to electric field lines and the magnetic field emerges as a derived quantity. The

second is the “dual” representation, where the roles of electric and magnetic fields

are reversed. In both approaches, the sources—whether electric or magnetic—can

effectively be absorbed into a topological phase factor. This allows the charges

to be “hidden” from the Hamiltonian and the dynamics, leading instead to the

appearance of multivalued wave functionals [6, 9, 7].

Thus, the physical sector of the theory, which satisfies the generalized Gauss

constraint, is described by multivalued cycle-dependent wave functionals. These

functionals include a topological phase factor that captures the winding around

the particle carrying the corresponding charge (electric or magnetic), regardless

of which representation is chosen. In essence, the presence of electric or magnetic
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sources manifests through unusual boundary conditions that the wave functionals

must satisfy.

It can therefore be said that, in the presence of a monopole, geometrically

realized wave functionals naturally become multivalued.
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Chapter 4

Conclusions

Conclusion

The initial chapters of this thesis provided a structured overview of key theoreti-

cal concepts, including field theory, canonical quantization, magnetic monopoles,

and geometric representations. This background was essential for developing the

central contribution of this work: a geometric formulation capable of describing

dynamic dyons, particles that carry both electric and magnetic charge in motion.

Building on the established formalism for electric and magnetic monopoles,

we extended the geometric representation of Maxwell’s field to incorporate dy-

onic sources. This formulation allows for wave functionals that reflect topological

phases induced by both types of charges, resulting in a generalized structure that

goes beyond previous treatments limited to static or single-type sources. This
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work takes a step further by proposing the first formulation of dynamic dyons

in the cycle representation framework — an advancement that has not yet ap-

peared in the literature. The geometric quantization procedure employed here was

grounded in the pioneering work of Leal, Fuenmayor, and Contreras [12, 14, 9, 6],

whose foundational ideas were crucial for this development.

Our motivation to pursue this direction stems from the theoretical significance

of dyons in high-energy physics. As Dirac famously showed, the existence of mag-

netic monopoles could explain the quantization of electric charge [1, 2], and theories

admitting dyons offer promising avenues for unification and topological insights.

Furthermore, recent developments in gravitational physics — particularly the con-

struction of Black Bounce (BB) solutions to Einstein’s field equations — have

begun to incorporate not only magnetic but also dyonic sources [3], highlighting

the increasing physical relevance of such configurations.

In summary, this thesis contributes a new step in the geometric quantization

of dyonic systems. By framing dynamic dyons within a topologically rich repre-

sentation, it opens the path for future work in areas ranging from gauge theory

and gravitational models. A full formulation and publication of these results will

follow as a natural continuation of this research.



64

Bibliography

[1] P. A. M. Dirac. “Quantised Singularities in the Electromagnetic Field”. In:

Proceedings of the Royal Society of London. Series A, Containing Papers

of a Mathematical and Physical Character 133 (1931), pp. 60–72. doi: 10.

1098/rspa.1931.0130.

[2] P. A. M. Dirac. “The Theory of Magnetic Poles”. In: Physical Review 74

(1948), pp. 883–890. doi: 10.1103/PhysRev.74.883.

[3] Ednaldo L. B. Junior et al. “Dyonic black bounce solutions in General Rela-

tivity”. In: arXiv preprint (Feb. 20, 2025). Preprint submitted on February

20, 2025. arXiv: 2502.13327. url: https://arxiv.org/pdf/2502.13327

(visited on 04/11/2025).

[4] A. Simpson and M. Visser. “Black-bounce to traversable wormhole”. In:

Journal of Cosmology and Astroparticle Physics 2019.02 (2019), p. 042. doi:

10.1088/1475-7516/2019/02/042. arXiv: 1812.07114 [gr-qc].

[5] M. Born and L. Infeld. “Foundations of the New Field Theory”. In: Nature

132.3348 (1933), p. 1004. doi: 10.1038/1321004a0.

https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1103/PhysRev.74.883
https://arxiv.org/abs/2502.13327
https://arxiv.org/pdf/2502.13327
https://doi.org/10.1088/1475-7516/2019/02/042
https://arxiv.org/abs/1812.07114
https://doi.org/10.1038/1321004a0


65
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