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RESUMEN

En este trabajo, se estudia la respuesta plasmonica de una nanoparticula de plata inmersa en
un medio dieléctrico con elementos de ganancia. Se usa el formalismo cudntico de Bloch para
describir la dindmica del medio activo y un tratamiento clasico es empleado para la interaccion
del metal con los campos. El modelo, dependiente de la geometria del sistema (en este caso,
una nanoesfera), permite describir la evolucion temporal de los campos electromagnéticos y el

acoplamiento de los modos multipolares de la nanoparticula.

Palabras clave: Plasmoénica, Nanoparticula metalica, Medio de ganancia.



ABSTRACT

In this work, the plasmonic response of a silver nanoparticle immersed in a dielectric medium
with gain elements is studied. Bloch’s quantum formalism is used to describe the dynamics of
the active medium and a classical treatment is used for the interaction of metal with fields. The
model, dependent on the geometry of the system (in this case, a nanosphere), allows describing
the temporal evolution of electromagnetic fields and the coupling of the multipolar modes of the

nanoparticle.

Keywords: Plasmonic, Metallic nanoparticle, Gain medium.
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1 Introduction

Metallic nanostructures attract a lot of interest in different fields of nanotechnology because
they can sustain localized surface plasmon resonances, which originate from the collective oscilla-
tion of their electrons in response to an electromagnetic excitation [1]. This property makes these
systems have the ability to concentrate light and produce local fields of high intensity, allowing to
manipulate the light and enhance linear and non-linear phenomena [2]. For this reason, multiple
efforts are being made to control, amplify, and tune the localized surface plasmon resonances for

different purposes [3].

In this work, we consider a homogeneous metallic nanosphere (as illustrated in Fig. 1), which
is embedded in a gain medium, formed by a dielectric host with dispersed active elements (e.g.,
a solution of quantum dots). At optical frequencies, the use of gain is intended to overcome en-
ergy losses in the system by metal absorption [4]. This is a simple geometry that we will use to
quantitatively describe the phenomenon of surface plasmon amplification. The interest of cou-
pling metallic nanostructures with the active media is inspired by the realization of the SPASER
(acronym for Surface Plasmon Amplification by Stimulated Emission of Radiation), which would
be the plasmonic equivalent of a laser and would allow the confinement of light at a subwavelength
scale, eliminating the problem of the diffraction limit of light [5]. The SPASER at the same time is
attractive for its potential use in applications such as nanoscale lithography, microscopy, optoelec-

tronics, subwavelength focusing and solution for losses in next-generation active metamaterials

[61[7].
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To advance in the fundamental understanding of SPASERs, it is very important to develop
precise theoretical descriptions of the plasmonic phenomena associated with the system that we
will study. In recent years, several works have appeared on the optical properties of gain-assisted
nanoparticles with various geometries. However, these works were carried out in stationary regimes
for both the nanoparticle and the surrounding gain medium or are based in simplified time-dependent
models, which start from assumptions such as that the plasmonic response of the nanosphere is
dipolar [8]. Such simplifications are acceptable to some extent, but plasmon amplification is not
always stationary or dipolar and complex time-dependent effects can arise from these systems.
Consequently, this work seeks a broader description of SPASER that characterizes non-stationary

regimes and the mechanisms of emergence of multipolar modes.

2 Vector Spherical Harmonics

The vector spherical harmonics are vector fields that can be considered as an extension of the
scalar spherical harmonics. Given a scalar spherical harmonic Y} 5/(6, ¢), we define three vector

spherical harmonics [9]:

Y., (0,6) = Yo (6, 6)n, @1

Yffo,])\J(ea QS) = ﬁ (n X VQ) YJ,M(Qa ¢)7 (22)
1

Y\, (0,0) = mVQYJ,M(H, @), 2.3)

where n = r/r and Vg, denotes the angular part of the V operator.
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The components of the vector spherical harmonics are

Y550(0.0)] = Yiu6,0).

I
Yu(6,0)] =0,
Yik0.9)], = s g (9).
+ %\/(J : %2§J+_1?4 U ey 0,0,

1 [Us - M,
— 5\/ J(J—I—l) 6¢YJ7M—1(07¢)7
Y3100, = o gm0

14

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)



Furthermore, the vector spherical harmonics satisfy the following equations and algebraic re-

lations
V< [FY50(0,6)] = i/ TTT D 1(r)V,(6.9), (2.13)
d 1 1 _
Vo [fO¥ 0.0 =i (5 1) V0.0 + i TTTDLAYEN0.0), 214
1 d
Vx| f)Y5,(0,0)] =i (5 + %) F)Y 55 (0.0), (2.15)
nx Y\ (0,6)=0, (2.16)
nx Y0, (0,0) = i¥$),(0.9). (2.17)
nx Y5, (6,6) = iY5),(0,0). (2.18)

The interest in vector spherical harmonics lies in their ability to separate the radial from the
angular dependence when spherical coordinates are used, so that a vector field (such as an electro-

magnetic field) can be expressed as a multipolar expansion.

3 Electric and Magnetic Fields

Our model was developed in several steps. First, the problem of electromagnetic scattering by
a sphere is solved using Mie theory. In this way, electromagnetic fields near the surface of the

sphere are calculated.
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Incident wave

B(inc)

E(inc)

Figure 1: Scattering of light by a sphere. A spherical nanoparticle made of metal is immersed in

a dielectric medium with active dipole elements (red dots). The radius of the nanoparticle is a.

We use the following expansion of the electromagnetic fields, E(;(r) and B; (r), based on

Bessel functions [10]:

1 i i NG i
E) = 5 Co |aSu s PY 0+ a5, v x (£7Y5),)] (3.1)
J,M
B = 1300, [0V, + 805 < (4] o2
J,M

where C; = i/ \/47(2J + 1), o (k@) and % (k) are constants that depend on the medium
(the metallic sphere or the gain medium), k() is the wave vector norm, fy) (k:(i)r) are Bessel func-
tions, and YST]\Z)(H, o), Yf,?j)\4(9, o), Yf,ljj)w(é?, ¢) are the vector spherical harmonics. 7 is an index to
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denote that the field is incident (z = inc), scattered (¢ = sc), internal (z = 1) or external (z = 2).

For scattered and external fields, f = h is the spherical Hankel function of the first kind. On the

other hand, for incident and internal fields, f = j is the spherical Bessel function of the first kind

The previous expression for the electric field can be rewritten for each of the fields as

1 1 1 .1 0
En=-> C; a(”bS}w;T an)w + {af]}w]fj )} Yfr,z)\fr
S M (3.3)

(1)
WO, /TTET) 1>%} ¥i

(2)

1 2y inc) 1 [WJ ] (1) (ine) :(2) | 4/(0)
- _ZCJ o bJ,M; — YJ,M+{ ayardy }Y +

E(inc) 9 dr
M (3.4)
)i /T (T + 1) 2L i } Y,
) d[rn)]
(sc) ? 1 sc 2 0
E() = B Z Cy 04(2)11./,;\)1 r dr YF]?\/] + {“.(1,;\>1h(J )} Y((],J)\/I—i_
M (3.5)

( WY\ g
o J(J+1) Yo
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The case where the incident electric field E(;,) is a plane wave that oscillates with frequency w
is studied. Thus, we have the following information on the constants and the nonzero coefficients:

a9 = ™) = 1,009 = 1) = —i, a® = 4O = i/k)

Similarly, the magnetic fields have the following expansion

1 u>u>idpqu 0 1) (1) ()
:ich B AymM=— . Y; +{bJM]J }YJ,M+

rdr
(3.6)
{5(1)GJMZ/ (J+1 JJ} —1 ’
(2)
[/r]‘] ] mc) -
- za,[ v, Doy v
(3.7
{5 N ey } bt
d[rn)]
sc) 1 sC 2 0
B (i) = ZCJ 5(2)6‘,(/.;\)1;7 Yf],J)\/l—i_{b.(l,;\)Jh((])}Y((],J)\/l—i_
(3.8)

@) () WY\ o
BWay i J(J—i—l)T Y

Using the above expressions, the task of determining electromagnetic fields both spatially and
temporally is simplified to discussing how the coefficients of these fields evolve over time. For this,
we need a suitable model to describe the materials involved, that is, the metal and the dielectric

medium with gain.
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4 Free Electron Model

The free electron model for the metallic sphere describes the interaction of the electrons in the

metal with the internal electric field:

d’r dr e
TS, PP o 4.1

where r represents the displacement of the electronic cloud within the metal (with respect to an
equilibrium position), + is the collisions friction coefficient, and e and m, are the charge and mass

of the electron.

A term II;) in the polarization of the metal can be attributed to the dislocation of electrical

charges; II(;) = n.er, where n. is the number density of electrons in the metal:

d? d nee?
— 4+ 27— | Iy = —E. 4.2
<dt2 + ’th) m = Ew (4.2)

Using the rotating wave approximation, IT;) — II;;)e=** and E(;) — E(1ye~ ™", and discarding
nonlinear time derivatives, we get

dIl w? + 2iyw Eow?
M _ ) = =22 R, (4.3)
dt 2(y —iw) 2(y —iw)

where wy, is the plasma frequency. In this work, we will study a silver nanosphere, for which

hwpr = 9.6 [eV] and Iy = 0.0228 [eV].

The free electron model imposes two conditions on the coefficients of the fields:

dd(Jl?u w? + 2iyw Eowpy 1
= 20, =0, 4.4)

dt 20y —iw) M T o(y —iw)

19



d(f<11?\1 w? + 2iyw (4 0wl 1
/ v — 52— )am = 0. (4.5)

dt 2(y — iw) o 2(y —iw

To term II;) must be added the contribution to metal polarization due to the ionic lattice. For

this reason, we write the total polarization of the metal P(y) as:
Py = coxocEr) + (). 4.6)
The electric displacement field within the metallic sphere Dy is
D) = coEq) + Py = e Eq) + 11y, 4.7)

Using the same expansion as before,

d [ ~(1)]
1 =5 E J o M g JM Cindy M
J,M

(4.8)

(1)
{a“)d_(]{;ﬂ\/J(J + 1)‘%} Y

In a steady state, the derivative with respect to time in equation 4.3 is 0, so that the permittivity

of the metal can be described as

e (4.9)

which is predicted by the Drude model.
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5 Optical Bloch Equations

In this section, we will study how the external field E(y) interacts with the gain medium. This
is a purely quantum interaction, which is described as a two-state quantum system by the optical

Bloch equations and the quantum formalism of the density matrix [11]:

d . 1 iINu-E
% - (Zw21 - 7—2) P21 = %, (5.1)

@Jr N-N _ 2i(pr2 —pn) - Ep)
dt 1 h ’

(5.2)

pij is the 7,7 element of the density matrix; 7, L' — 7 =1 4+ W is an effective relaxation rate, with

W being a phenomenological pumping rate; 7; and 7, are time constants associated with spon-
taneous energy emission and phase relaxation processes due to interaction with the environment;
wo1 = (F9 — E4) /I is the transition frequency between levels 1 and 2; N = pgy — py is the
population inversion, with p;; and p, being the diagonal elements of the density matrix; g is the
transition dipole moment of the active elements; and N = (W7, — 1) / (W7 + 1) is the popula-
tion inversion due to the pump (in the absence of the pump, we have N=-1).N>0 corresponds

to the regime of amplification; N < 0 to losses.

Let x; be the susceptibility of the dielectric host and n the numerical density of the active
elements, then the polarization outside the nanosphere P(y) is obtained by averaging the dipole
moments of the gain elements, assuming that these are oriented randomly with respect to the E o)

field:

n
Po) = coxsE(e) + I / (P12 + pa1) pdQ) = eoxpE2) + 2%[1_[(2)], (5.3)
Q

21



where (2 is the solid angle and

n
I = E/meﬂdg

(5.4)
is the term of the polarization contributed by the emitters.

Next, we use the rotating wave approximation again, assuming that the frequency of the probe

field E i) is nearly resonant (w = wo;) and that all time-dependent fields assume a harmonic form

e~ With this approximation, the resulting equations are [8]:

Py = coxpE) + 201,

deZ)

(5.5
1 . igoNG
—_— — I, = —EK 5.6
pra lﬁ i(w wm)] 0= Sof B (5.6)
dN N-—N 2
— = ——S(Ew -11,),
dt ] nh\s( @ “J)
where

(5.7

is a (negative) quantity that will describe the level of gain. The quantity G' will be used extensively

to characterize the different operational ranges that the system under study has.
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Using our expansion, we write the nonlinear term of polarization in the external medium as

. d[rn)]
1 5
o) = 5 Z Cy 04(2)(/_(‘,'?’\, P R Yf}}w + {('f‘,‘_’\,h?)} Yf,?l)w—i-
JM

(5.8)
. h(g) .
S IVAIEESTECSS 631

Then, the electric displacement field in the external medium D,y assumes the following form

D) = c0E) + Po) = e,E) + 211 ), (5.9)

where g, = £¢ (1 + x3) is the permittivity of the dielectric host.

The first optical Bloch equation, eq. 5.6, imposes two additional conditions on the coefficients:

dc'’ 1 , iegGN -
[N R AN Gl RN (2) _ teotrs [»(2) (ine) 4 p(2) (sc“)ﬂ] -0 5.10
T T at + 1y p i(w—wa)| )y, 9y N Jy Qg TRy agy , ( )
e d(/_(f,)w 1@ i —i(w — war) 42 _ 1eoGN [.(2)b(inc) i h(2)b(“>} —0 (5.11)
I T U 21 JM 9y N Ji VM J O m . .
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For the second Bloch equation, eq. 5.7, we will need to handle the following product numeri-

cally:
E(2) 'Hrzu =
1 *
T 2 Gne,
J1,M1,J2,M>
2 (2) [ (2)} [ (2)} :
‘05(2)‘ b(inc) d[T]Jl ] [(sc) d rh]l ](2):~: d ThJQ Y(l) Y(l)*
T2 Jl,]\'fl d/r, ),]1.,;\'[1 d/r, ¢ .]3.,\/3 dT Jl,Ml ’ J27M2
; (2) d rh@)}
? (inc) dlrjy,’] (sc) [ 1 ), (2)% 0)x (5.12
+ ;04(2) lechl dTl + in \IIT : h YJ1)M1 'YF]2,M2 )
L@ f () 2) , (o) 5 (2) ‘1Ph%] (0) (1)
- ;O‘ {0]1 i Jy tag \fthl }([/ Mo g YJl,Ml R ARYA

inc) . (s¢) 72 (2 7 (2)%ys(0) (0)*
{achMlle +tay, mhjl}(,-_) th YJl,Ml'YJz,Mz
]’
r2

inc 2 sc 2 2)% 2)*xx7-(—1 —1)*
VR DB+ 1) {85,55 + 007,08 b n G, Y

Assuming that the system reaches a steady state, the derivatives with respect to time in equa-

tions 5.6 and 5.7 are null, with which we obtain the following relationships:

N EoGA
ATy = ——= E 5.13
2) N2 (@ — )+ AT (5.13)
B 2 2
N=N dw—wn)+ 4 —, (5.14)
E
4(w _W21) +A2 1+ (‘ (2)‘>
Esat
where the saturation field is defined as
3 h
Esat - -
T1T2 b
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Then the relation D = €(3) E implies that the permittivity of the gain medium is

2(0.) — w21) — 1A

4((,0 — WQ1>2 —+ A2 1 -+ <M>

£@2) = € — €0GA

Bt (5.15)

5()GA
2(w — WQl) + ’LA,

where the approximation is valid when N ~ N (this will happen for small values of G in the linear

amplification regime).

6 Boundary Conditions

In the previous sections, we modeled the differential equations that describe the time depen-
dence of the fields in the metal and in the surrounding medium. These equations are coupled by
the boundary conditions. If n is a vector normal to the surface of the sphere, then the boundary
conditions, which establish the tangential and normal continuity of the fields on the surface of the

nanosphere, are written as

n x (Eq) +Ego — Eq)) =0, 6.1)

n- (Du —Dgyy) =0, (6.2)
n x (B + By — By) =0, (6.3)
n- (B + B — Bgy) = 0. (6.4)
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Here we consider that the magnetic permeability of the particle and the surrounding medium
is the same. Equations 6.1-6.4 would impose /") = 3, and the following restrictions on the

coefficients of the fields:

(50 d[rhSQ)] <inc>d[rj§2)} oV 4 [rjy)}
by——— + by —— = by ) (6.5)
dr dr a dr
e (U1 37 _ eSS nP| Y r2dll n| -
" r=a r=a r=a (66)
a (1 .(1) 1 .1
e |:6OObJ,JV[ JJ Y + d.J,M ]S ) ‘T:a] 3
GG wai Y| =agn | (6.7)
(s0) d[rh?)] (inc) []L(’Q)} m ¢ [mf})}
“J,MT + aJ,MT = aJ,]\lT ) (6.8)

where the functions are evaluated on the surface of the nanoparticle, » = a.

Equations 6.7 and 6.8 can be rewritten to determine the coefficients (1(}\), and af,l,])w in terms of
o) as:
(2) 1)
31)d [WJ ] ~ j§2>d [WJ ]
ali = afy ——4 s (6.9)
]t
e —
4 dr d dr r=a
a || a|r?]
jSQ) B hSQ)
aa = al dr dr : (6.10)
’ ’ ) (1)
D d |rh; @ d|rj;
1 dr - dr r=a
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If for a moment we ignore the coefficient ' ,))\ ;» which correspond to the non-linear term of

polarization in the outer media, and we write the result in the steady state for d(})\ ;> then the coef-

(

) and a(}}w can also be determined in terms of the incident

d [rjffﬂ
dr
d [rjgl)}
2
_ hf])

ficients a

(1)
¢ [r] T }
dr
@
2 [th ]

_ m2j§1)

(sc) (inc)
b./.u = bJ,M

Mg dr dr

a|mf|
e

field as:

: 6.11)

a ||
s

where )
€0

W2+ 2iyw
€p '

, (6.12)

If we let a'? /a(V) = m, then equations 6.9-6.12 together are the coefficients that describe the

fields calculated with Mie theory.

7 Numerical Resolution of Equations

The equations of the free electron model 4.1-4.2, the Bloch equations 5.7 and 5.10-5.11, and the

boundary conditions 6.5-6.6 and 6.9-6.10 that describe the plasmonic response of the metallic

nanosphere will be solved using computational methods. These differential equations are coupled

and non-linear, so their solution cannot generally be found analytically. For this purpose, it is

necessary to rewrite the equations so that they can be handled more easily by a computer.
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The following coefficients are defined

d [erQ)]
=055 [ 4§ - hP— L |
d [th }
dr
d [rjgl)}
CQ = €bhf]2) d?”(2) - €Ooj§1),
a ||
dr
e0GN
Oy = 20T
2T2N
We start by rewriting equation 6.5 as:
(1) (2)
a® ) ¢ i) 5 ) i)
E J.M dr -~ YIUM dr
b(]‘C\)I — r:(;) r=a
a ||
dr

_ dg(]l.,])\,,[jg(ll) — Qm(l,(,"_);)\,h{(]z) —mC,
CQ :

In turn, using equation 7.5, the differential equations 4.1 and 5.11 are rewritten as

(1)

, 2 4 9; 2y
ddFll,J)\J B W 20w oWy Gy ) 50mw§1hf) d? 4 —5°w§1m01 —
dt 2(y —iw) M Co(y —dw) M 20, (y — dw)
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(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)



(2) d [
2
(2) Csh, dr
d(],/._\/ i—i(w—w )+ r=a | ;2
dt T 2t J [,,hg)} T M
o, Lt~ 1
2 dr
r=a (7.7)
d [m’ffl)] d [mf] )}
Gy’ d d
r=a (1) 0103 ' r=a 1
- D) T ) —— =0
a|mf| h a || €
mCy dr s dr

The problem then boils down to solving the coupled equations 7.6-7.7.

The permittivities also change with the variations of the fields according to the following rela-
tion

) - Ep)

€1) = €00 — s (7.8)
Eq)[*

H(zl 'Ezﬁg)

8(2) = E&p — 2 .
E)|’

(7.9)

A metallic nanoparticle naturally possesses a dipole localized plasmon resonance frequency

wy, which can be calculated from the permitivities using the standard Frohlich condition [12]:
R (1) (wo) + 2¢(2)(wo)) = 0. (7.10)

In all our characterizations, we have assumed that the emission line shape of the gain medium
is centered exactly on the frequency of the plasmon. This means that wy; = wy. In this way, a better

coupling efficiency between the gain and the metal is expected. Under this assumption, condition
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7.10 is read as:

2
EoW
Way = \/& 42, (7.11)

oo + 23

8 Linear Amplification Regime

We start by considering scenarios in which the gain value G is very low and the system remains
below a threshold in amplification. Here, we assume that the amplitudes of the probe E,.) and
the field E(;) are small enough that the term on the right hand side of eq. 5.7 is negligible. This
means that no field becomes extremely intense and the population investment is spatially uniform:
N(r,0,¢,t) = N. This has physically important implications: the system becomes linear and the
dipole terms are the most prevalent. Because of these conditions, the higher order multipolar terms

decay over time and become insignificant.
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Figure 2: Temporal evolution of N for G = —0.01. Eventually, N ~ N is obtained when the
value of ( is relatively small, without dependence on the 6 and ¢ coordinates. We assume a large

fixed power for the pump: N = 1.

When the plasmonic response is predominantly dipolar, we can study the polarizability of the

system. The polarizability a of the nanoparticle is classically defined as

Em — €
a = drega® — L2 8.1
T e 26 &b

The evolution of polarizability is shown in Figure 3 for the same silver nanoparticle with a

radius of 10 [nm], where the level of gain G is progressively increased from zero towards increas-

ingly negative values. We have assumed again a large fixed power for the pump: N = 1.
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Figure 3: Plasmonic response of a 10 [nm] silver nanoparticle as gain is increased in the surround-

ing medium. Parameters: £, = 1.8496¢ (ethanol solvent), hws; = 3.2 [eV], A = 0.2 [eV].
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Figure 4: Time evolution of |E|* /|E,|* at different points on the surface of the sphere when
G = —0.01 and w = wy1. E = E(y) is the external electric field. |E0|2 is the average of ‘E(Q) ‘2 on

the surface of the sphere when G' = 0.
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Figure 5: Time evolution of |Equadrupole|2 / ]E0]2 at different points on the surface of the sphere
when G = —0.01 and w = woy;. In |Equadnmole|2 only the terms with J = 2 are taken into account
during the calculation of the external electric field, which corresponds to the quadrupole term of

the field.
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Figure 6: Time evolution of }H@) |2/ leoEo|* when G = —0.01 and w = wo;.
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Figure 7: Time evolution of %(E : H(_,)>/ (80|E0]2> when G = —0.01 and w = wy;. E = E(y) is

the external electric field.
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Figure 8: Plasmonic response for values of G for which the system goes into a nonlinear amplifi-
cation regime. An easy rule of thumb to predict the extent of the linear amplification regime is to

look for a sign change in the imaginary part of the polarizability (compare with Fig. 3) [8].
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Figure 9: When the gain value exceeds a threshold and the system goes into a nonlinear regime,

the dipolar approximation of the plasmonic response is no longer valid.
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We observe that the plasmon (the resonance observed in polarizability) is gradually amplified
and has increasing fineness for more negative values of GG (see Fig. 3). This is in correspondence
with the linear amplification regime, where a partial compensation of the loss occurs. This regime
is ideal for applications because it requires relatively small gain values to be introduced into the
dielectric host. Additionally, this system by itself is capable of compensating for intrinsic losses in

plasmonic resonances.
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Figure 10: Evolution of the permittivities in the metal and the gain medium for G = —0.01 and

w = wo1. The permitivities converge to the values given by equations 4.9 and 5.15.
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Figure 11: A close inspection of the temporal evolution of N, showing that it converges approxi-

mately to N. This result is shown at two points on the surface of the nanosphere.
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Figure 12: A close inspection of the temporal evolution of |E|2, showing that it converges. This
result is shown at two points on the surface of the nanosphere. It is observed that the external
electric field is more intense when 6 = 90° and ¢ = 0°, which corresponds to the pole of the

nanosphere that is on the x-axis, the axis that has the same direction as the incident electric field.
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Figure 13: A close inspection of the temporal evolution of ‘Hu) shows that it converges.
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Figure 14: A close inspection of the temporal evolution of %(E . HZ‘2)> shows that it converges.
The relatively small magnitude of this quantity explains why N converges to values close to N, as

indicated by equation 5.7.
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Figure 15: When G is small, the plasmonic response is basically dipolar and the electric field is

strongest at the poles that are on the axis that has the same direction as the incident electric field.
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9 Nonlinear Regime

We will now discuss the phenomenological range where the gain in the host medium is set
above the linear amplification threshold. Since the dipole mode has been growing, the term
& <E(2) . H[“2)> will no longer be insignificant in the eq. 5.7: the system enters a non-linear growth
regime. Since both E() and I, are spatially non-uniform fields (both are coordinate dependent),
equation 5.7 indicates that the population inversion /N will also adopt a non-uniform distribution

and will no longer be approximately equal to N.
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-1
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Figure 16: Temporal evolution of N for G = —1 and w = wo;. In the nonlinear regime, N no

longer converges to a value approximately equal to N due to the competitive effect imposed by the
term on the right hand side of equation 5.7 (which can be understood as a negative source term, no

longer negligible as in the linear case, that causes the population inversion to be depleted).
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Figure 17: Evolution of the permittivities in the metal and the gain medium for G = —1 and
W = Wa1.
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Figure 18: Time evolution of [E|> /[Eo|* when G = —1 and w = wy.
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Figure 19: Time evolution of |Equadrup01¢|2 / |E0|2 when G = —1 and w = wy;. In ]Equadrupole|2 only

the terms with J = 2 are taken into account, which corresponds to the quadrupole term of the

external field.
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Figure 20: Time evolution of |11, ‘2/ |20Eo|> when G = —1 and w = wy. E = E(y) and I1 ) are

the electric field and the non-linear polarization term in the gain medium.
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Figure 21: Time evolution of %(E . )/ <50|E0|2> when G = —1 and w = wy;. E = E(y) and

are the electric field and the non-linear polarization term in the gain medium.

The oscillatory behavior of the fields (such as the oscillations in the external electric field shown
in Fig. 22) corresponds to Rabi oscillations, which are typical of the dynamics that characterize
the coherent interaction of a two-level system with light [13]. This dynamic is described by the
Bloch equations and becomes evident in the nonlinear regime in which we fully use 5.6 and 5.7

without making approximations as in the linear case.
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Figure 22: A close inspection of the temporal evolution of |E\2 and NV shows that these quantities

eventually oscillate with constant period. Also, when |E|* has a maximum, N has a minimum.
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Figure 23: Difference between |E(6 = 90°, ¢ = 0°)|* and |E(90°,90°)|?. In the linear case, the
energy was mostly concentrated at the poles of the sphere along the x-axis (the direction of the
incident electric field). However, in this plot we note that, in certain periods of time, the field loses
intensity along the x-axis to concentrate at other points on the surface of the nanosphere: at points
on the plot where the difference is negative (blue), the electric field is more intense at the poles
along the y-axis with respect to the poles along the x-axis. This is a sign of the emergence of other

multipolar modes (see Fig. 28 to notice the momentary disappearance of the dipole character of

x 10°

2000

the plasmonic response).
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Figure 24: Difference between |E(90°,0°)|° and [E(0°,0°)>. At points on the plot where the

difference is negative (blue), the electric field is more intense at the poles along the z-axis with

respect to the poles along the x-axis.
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Figure 25: A close inspection of the temporal evolution of |H(2 ) !2 shows that it oscillates.
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Figure 26: A close inspection of the temporal evolution of %(E . H'm> shows that it oscillates.
This term in Bloch’s equation is initially insignificant and NV is quickly driven to N because pop-
ulation inversion is continually restored; the pump can repopulate the upper level continuously.
However, this term gets larger eventually, which means that the population inversion of the gain

elements is depleted due to the energy absorbed by the plasmonic field.
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Figure 27: A closer inspection of the temporal evolution of the permitivities in the gain medium

and in the metallic sphere.
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Figure 28: The plasmonic response is initially dipole, as is the case for small values of G. How-

ever, as the saturation process takes place, the dipolar mode is dissipated in parassite modes.
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Figure 29: Continuation of Fig. 28.
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Figure 30: Continuation of Fig. 29.
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10 Conclusions

In conclusion, a multipolar and dynamic model has been developed to quantitatively describe
the optical response of a metallic nanosphere embedded in a gain medium. For low values of
gain, the response of the system is a steady state. This is a linear amplification regime, where
losses are partially compensated, allowing the plasmonic response to be amplified. This result is
in correspondence with calculations obtained using a classical quasi-static formulation. However,
when the gain values exceed a threshold, we have found that the population inversion of the gain
elements is depleted due to the energy absorbed by the plasmonic field and that the dipole character
of the nanoparticle response is lost, leading to a cascade of non-linear couplings that activates

higher-order multipolar modes.

11 Future Work

Certainly the geometry of the nanoparticle has a non-negligible effect on the plasmonic re-
sponse of the system. Therefore, it is recommended to adjust the model to describe more com-
plicated geometries that are intended to be implemented in real designs. Depending on the type
of application of interest, a multitude of geometries can be explored and optimized as a means of
controlling the laser modes of the nano-emitter. Our analysis provides a way to determine how
much gain will cause the system to go into a non-linear amplification regime, allowing in principle

to design optical measurements geared to specific amplification rates in given geometries.
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12 Appendices

12.1 Code to obtain the temporal evolution of the fields

After compiling this script, it can be run with the command . /Mie theta phi ome, where
the angles theta 6 and phi ¢ are specified in radians (the analysis is done for a point on the

surface of the nanosphere specified by these coordinates) and ome is hw in eV.

p—

#include <iostream>
#include <iomanip>
#include <fstream>
#include <stdlib.h>
#include <sys/types.h>
#include <algorithm>

#include <complex_bessel.h>

O o0 N9 N L B~ W

p—
- O

#include
#include
#include

#include

<ctime>

<string>

<stdlib.h>

<math.h>

—
[\

#include <boost/math/special_functions/spherical_harmonic.hpp>

—_ =
A~ W

15
16 using namespace std;

17 using namespace sp_bessel;

18
19 double ¢c=299792458;
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20
21
22
23
24
25
26
27

28
29
30
31

32
33

34
35
36

37
38
39
40
41
42
43
44
45

double euler=2.718281828459045235360;
double h=6.626068e-34;

double j2eV=6.24150636309el8;

double eV23=1.60217733000103e-19;

double PI = acos(-1);
double eps_0=8.8541878176e-12, gam, T1l, T2, eps_inf=5.3xeps_0,
n_density=1l.el6, ome, ome_21, ome_pl;

complex<double> img=complex<double> (0,1.);

complex<double> m, x, epsl_exact, epsZ2_exact, epsl, eps2, nl, n2,
Nf=1., N=-1., f, g, alphal, alpha2, polarizability, rabi;

double G=0;

double ome_eV, omemi, omema, eps2_0, dome, time_M, freqgG, sp_r,
sp_ome_0, sp_dome;

double time_step=1.e0, time_current=0;

int J=1, M=1;

complex<double> B_in, C_in, D_in, B_sc, C_out, D_out, CC;

double theta=0.523599, phi=0;

long int N1=100, N2;
const int number_3j = 5;
int it _max=8000, ome_an=50;

complex<double> coef[6] [2xnumber_jl={};
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// Files.

string name_file3_ome="GRAPH/N_t.dat";

ofstream file3 (name_file3_ome); // N vs time.

string name_filed4_ome="GRAPH/E2_2D.dat";

ofstream filed4 (name_filed_ome, ofstream::app); // theta phi |
E_ext|"2

string name_file5_ome="GRAPH/E2.dat";

ofstream file5 (name_file5_ome, ofstream::app); // % v 2z |E_ext
| ~2

string name_file6_ome="GRAPH/E2_t.dat";

ofstream file6 (name_file6_ome); // |E_ext|"2 vs time

string name_file7_ome="GRAPH/alph_ome.dat";

ofstream file7 (name_file7_ome, ofstream::app); // alpha vs omega

// Bessel Functions.

complex<double> j (double order, complex<double> x)
{return sph_besselJd (order,x);}

complex<double> hl (double order, complex<double> x)

{return sph_hankelHl (order, x);}

// Spherical Harmonics.
complex<double> Y (int J, int M, double theta, double phi)

{return boost::math::spherical_harmonic (J,M, theta,phi);}

// Components of the vector spherical harmonics.

complex<double> Ytl (int J, int M, double theta, double phi)

{return 0.5xsqgrt ((J-M) x (J+M+1)/ (I (J+1)) ) *pow (euler, —img+phi) *Y (J
,M+1,theta,phi)-0.5+«sqgrt ( (J+M) x (J-M+1) / (IJx (J+1)) ) xpow (euler,

img*phi) xY (J,M-1, theta,phi);}
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complex<double> Ypl (int J, int M, double theta, double phi)
{return imgx (double)M=*Y (J,M,theta,phi)/ (sgrt (J* (J+1)) *sin(theta))

P}

complex<double> YtO (int J, int M, double theta, double phi)

{return - (double)M=*Y (J,M,theta,phi)/ (sgrt (J* (J+1))*+sin(theta));}

complex<double> YpO (int J, int M, double theta, double phi)
{return —img*0.5*sqrt ((J-M)* (J+M+1)/ (IJ* (J+1))) *pow (euler, —img*phi
) *Y (J,M+1, theta, phi)+img+0.5+sqgrt ( (J+M) * (J-M+1) / (T* (J+1)) ) rpow

(euler, imgxphi) xY (J,M-1, theta,phi);}

complex<double> Y1 Y1 (int J1, int M1, int J2, int M2, double
theta, double phi)

{return Ytl (J1,M1,theta,phi)+*conj(Ytl(J2,M2,theta,phi)) + Ypl(Jl,
M1, theta,phi) xconj(Ypl (J2,M2,theta,phi));}

complex<double> Y1 YO (int J1, int M1, int J2, int M2, double
theta, double phi)

{return Ytl (J1,M1,theta,phi)+*conj(Yt0(J2,M2,theta,phi)) + Ypl(Jl,
M1, theta,phi) xconj (Yp0 (J2,M2, theta,phi)); }

complex<double> YO_Y1 (int J1, int M1, int J2, int M2, double
theta, double phi)

{return YtO0(J1,M1,theta,phi)+*conj(Ytl(J2,M2,theta,phi)) + YpO(Jl,
M1, theta,phi) xconj (Ypl (J2,M2,theta,phi)); }

complex<double> YO_YO (int J1, int M1, int J2, int M2, double
theta, double phi)

{return YtO(J1,M1,theta,phi)*conj(Yt0(J2,M2,theta,phi)) + YpO(J1,

M1, theta,phi) xconj (Yp0 (J2,M2, theta,phi));}
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complex<double> ¥Yn_Yn(int J1, int M1, int J2, int M2, double
theta, double phi)

{return Y (J1,M1,theta,phi)*conj(Y(J2,M2,theta,phi));}

complex<double> RBj (double order, complex<double> x)
{return xxsph_besselJ (order,x);}
complex<double> RBj_prime (double order, complex<double> x)

{return (xxsph_besselJ(order—-1,x)-order*sph_lbesselJ (order,x));}

complex<double> RBh (double order, complex<double> x)
{return x*sph_hankelHl (order, x);}
complex<double> RBh_prime (double order, complex<double> x)

{return (x*sph_hankelH]l (order—-1, x)-order*sph_hankelH] (order, x));}

complex<double> RK4_coupled (complex<double> fl1, complex<double>
£f2, complex<double> al, complex<double> bl, complex<double> cl
, complex<double> a2, complex<double> b2, complex<double> c2,
int index)
{complex<double> kll=time_stepx (-alxfl-blxf2-cl), kl2=
time_stepx (—a2*xfl-b2%x£f2-c2);
complex<double> k2l=time_stepx* (-alx (£f1+0.5+xk11l)-blx (£2+0.5%
k12)-cl), k22=time_stepx (-a2+x (£1+0.5xk11l)-b2x (£2+0.5%k1l2) -
c2);
complex<double> k3l=time_stepx* (-alx (£1+0.5%xk21)-blx (£2+0.5%
k22)-cl), k32=time_stepx (-a2+« (£1+0.5%xk21) -b2*x (£2+0.5%k22) -
c2);
complex<double> kd4l=time_stepx* (-al* (f1+k31)-blx (£2+k32)-cl),
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k4d2=time_stepx (—a2* (£1+k31)-b2«x (£2+k32)-c2);
fl1=£f1+(1/6.)» (k11+2.xk21+2.xk31+k4d1l); £f2=£f2+(1/6.)* (k12+2.%
k22+2.xk32+k42);
if (index==0) {return fl;} else if (index==1) {return £f2;} else{

return 0;}}

// RK4: To solve equations of the form dfl/dt+alxf1+b1=0.
complex<double> RK4 (complex<double> fl, complex<double> al,
complex<double> bl)
{complex<double> kl=time_stepx (-al*xfl-bl);
complex<double> k2=time_stepx (-alx (f1+0.5xk1l)-bl);
complex<double> k3=time_stepx* (-alx (£1+0.5«xk2)-bl);
complex<double> ki4=time_stepx* (-alx (f1+k3)-bl);
fl=f1+(1/6.)* (k1+2.*k2+2.xk3+k4);

return f1;}

// Incident "inc" wave coefficients.
complex<double> a_inc (int J, int M)
{1f (M== | ==-1) {return 1;}

else {return 0;}}
complex<double> b_inc (int J, int M)

{if (M==1) {return -img;}

else if (M==-1) {return img;}

else {return 0;}}

// Internal "in" wave coefficients.
complex<double> a_in (int J, int M)
{return a_inc(J,M)* (J(J,x)*RBh_prime (J, x)-hl (J,x) *RBj_prime (J
, X))/ (J(J, m*xx) *RBh_prime (J, x)-hl (J, x) *RBj_prime (J, m*x)); }

complex<double> b_in (int J, int M)
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{complex<double> coefd = imgxeps_0*xG*N / ( 2+T2+Nfxhl (J,x) * (-
img* (ome—-ome_21)+1./T2) );
coefd = eps2_0xeps_0 + 2.xhl(J,x)*coefd;
return m*b_inc (J,M)* ( coefd« (j(J,x)*RBh_prime (J, x)-hl(J, x) *
RBj_prime(J,x)) ) / ( (eps_inf-eps_Oxpow (ome_pl,2)/ (pow (
ome, 2)+2.ximgxgamxome) ) *j (J, mxx) *xRBh_prime (J, x) —coefdxhl (J
, X)*RBj_prime (J, m*x) );}
complex<double> c_in (int J, int M)
{return —-a_in (J,M) reps_0Oxrpow (ome_pl, 2)/ (pow (ome, 2) +2.ximgrgam
xome) ; }
complex<double> d_in (int J, int M)
{return -b_in (J, M) reps_0xrpow (ome_pl, 2)/ (pow (ome, 2) +2.ximgrgam

xome) ; }

complex<double> a_sc (int J, int M)

{return a_inc (J,M)* (J(J,m*x) *RBJ_prime (J,x)—-7J(J, x) *RBj_prime (
J,m*x))/ (hl(J,x)*RBj_prime (J, m*x) -7 (J, m*x) *RBh_prime (J, X))
it

complex<double> b_sc (int J, int M)
{return (b_in(J,M)*RB]j_prime (J, m*x) /m-b_inc (J,M) *RBJ_prime (J,

x))/RBh_prime (J, x) ; }

complex<double> c_out (int J, int M)
{return img*eps_0*G*Nx (j(J,x)*a_inc (J,M) +hl (J, x) xa_sc (J,M))
/(2.xT2«Nf+hl (J, x) * (—img* (ome—ome_21)+1./T2));}
complex<double> d_out (int J, int M)

{return imgxeps_0xG*Nx (J(J, x) *b_inc (J,M) +hl (J, x) *b_sc (J,M))
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/(2.+«T2+«Nf*hl (J, x) * (—imgx (ome-ome_21)+1./T2));}

complex<double> % Mie(int J, int M, int i, int it)
{
static complex<double> for_product[6]={}; // b_sc c_out d_out
b_in c_in d_in
// Analysis.
1f(1it%100==0) {cout<<"\n*+x*xCoefficients for J = "<<J<<" and M

= "<<M<<endl;}

T2=h/ (PI*eV2jxsp_dome) ;

T1=0.1%T2;

ome_2l=sp_ome_0x2.%PIxeV27i/h;
ome=2.+PIxeV2jxome_eV/h; // Frequency in SI units.

gam=2.+*PI*eV23j%x0.0228/h; // Drude.

epsl_exact=eps_inf-eps_0*pow (ome_pl,2)/ (pow(ome, 2)+2.*1img
xgam*ome) ; // Metal.
eps2_exact=eps_0+* (eps2_0— (N/Nf) «G* (2/T2) / (2* (ome—ome_21) +

imgx (2/T2))); // External medium.

if (it==0) {epsl=epsl_exact;eps2=eps2_exact; }

nl=sqgrt (epsl/eps_0); // Internal refractive
index.

n2=sqrt (eps2/eps_0); // External refractive
index.

m=nl/n2; // Relative refractive index.
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X=sp_rxome*n2/c; // k_extxa.
alpha2=img/ (omexn2/c) ; // 1/k_ext.
alphal=alpha2/m; // i/k_int.

double lam=h=*c/ (ome_eV*eV27j) ; // Wavelength.

// Predicted values for the linear case.

complex<double> E_ain = a_in(J,M), E_bin = b_in(J,M),
E cin = c_in(J,M), E _din = d_in(J,M), E_ainc = a_inc(J
' M),

E_binc = b_inc(J,M), E_asc = a_sc(J,M), E_bsc = b_sc(J,M)

, E_cout = c_out(J,M), E_dout = d_out (J,M);

1f(1it%100==0) {
COUt<<"PREDICTED"<<endl;
cout<<"Incident electric field E_inc: a = "<<E_ainc<<" Db

= "<<E_binc<<endl;

cout<<"Internal electric field E_in: a = "<<E_ain<<" b =
"<<E_Dbin<<" ¢ = "<<FE_cin<<" d = "<<E_din<<endl;
cout<<"Scattered electric field E_sc: a = "<<E_asc<<" b =

"<<E_bsc<<endl;
cout<<"External polarizability P_out: c = "<<E_cout<<" d

"<<E_dout<<endl; }

// Normalization.
ome=ome/ome_pl; gam=gam/ome_pl; lam=lam/sp_r; ome_21=
ome_21/ome_pl; Tl=Tlxome_pl; T2=T2+ome_pl; //

Normalization.

// Initial conditions.

1f (M==-1) {B_in=coef[0] [J-1]; C_in=coef[1l][J-1]; D_in=coef
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[2]1[J-1]; B_sc=coef[3][J-1]; C_out=coef[4][J-1]; D_out
=coef [5][J-11;}

if (M==1) {B_in=coef[0] [J+number_j-1]; C_in=coef[1l][J+
number_j-1]; D_in=coef[2] [J+number_j-1]; B_sc=coef[3]]
J+number_j-1]; C_out=coef[4] [J+number_j-1]; D_out=coef

[5] [J+number_j-17;}

if (it<=1) {B_in=0; C_in=0; D_in=0; B_sc=0; C_out=0; D_out

=0;}

complex<double> coefl = eps2_0xeps_O0xE_bincx (3 (J, x) -
hl (J, x) *RBj_prime (J, x) /RBh_prime (J, X)),
coef?2 = eps2_0xeps_0xhl (J,x)*RBj_prime (J, mxx)

/RBh_prime (J, x) —eps_1inf*J(J, mxx),

coef3 = img+xeps_0+GxN/ (2.+xT2xNf),

al = — (pow (ome, 2) +2 . *ximgxgam*ome) / (2. * (gam—img
xome) ) —eps_0+J (J, m*x) / (coef2+2.x (gam—img*ome) )
’

bl = eps_0Oxmxhl (J, x)/ (coef2* (gam—img+ome) ),

cl = eps_O+mxcoefl/ (coef2+2.x (gam—-img*ome) ),

az = —coef3+3(J, mxx) *RBj_prime (J, m*x) / (mrxcoef2

*RBh_prime (J, x) ),

b2 = —img* (ome—-ome_21)+1./T2+2.xcoef3*pow (hl (J
,X),1)*RBj_prime (J, m*x) / (coef2+RBh_prime (J, x))
’

c2 = (coeflxcoef3)/ (hl(J,x))*(hl(J,x)*
RBj_prime (J, m*x) / (coef2+«RBh_prime (J,x))-1./(

eps2_0xeps_0));
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for (int z=0; z<=N2; z++) {

time_current=time_stepx*xz;

D_in = RK4_coupled( D_in, D_out, al, bl, cl, az,

D_out = RK4_coupled( D_in, D_out, al, bl, cl, a2,
b2, c2, 1 );

B_in = (D_in*j (J, m*x)—2.+mxD_out+hl (J, x) -mxcoefl
) /coef2;

B_sc = (B_in*RBj_prime (J, m*x) /m—E_binc*RB]j_prime

(J,x))/RBh_prime (J, x) ;

C_in = RK4 ( C_in, - (pow(ome,2)+2.*ximgxgamxome)
/(2.% (gam—-img+ome) ), —-eps_0+E_ain/ (2.+* (gam—-img*ome
)) )

C_out = RK4 ( C_out, —img* (ome-ome_21)+1./T2, —(

coef3/hl1(J,x))*(j(J,x)*E_ainc+hl (J,x)*E_asc) );

}time_current=0;

if (it==0) {B_in=0; C_in=0; D_in=0; B_sc=0; C_out=0; D_out

=0;}

for_product [0]=B_sc; for_product[1l]=C_out; for_product
[2]=D_out; for_product[3]=B_in; for_product[4]=C_in;

for_product [5]=D_in;

if (M==-1) {coef[0][J-1]1=B_in; coef[l][J-1]=C_in; coef[2][J

-11=D_in; coef[3][J-1]1=B_sc; coef[4][J-1]1=C_out; coef
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[5]1[J-1]=D_out;}

if (M==1) {coef[0] [J+number_j-1]1=B_in; coef[1l] [J+number_]j
-1]=C_in; coef[2] [J+number_j-1]1=D_1in; coef[3][J+
number_j-1]=B_sc; coef[4] [J+number_j-1]1=C_out; coef

[5] [J+number_j-1]=D_out;}

// Printing the results.

1if(it%100==0) {

COUt<<"CALCULATED"<<endl;

cout<<"Incident electric field E_inc: a = "<<E_ainc<<" b

= "<<E_binc<<endl;

cout<<"Internal electric field E_in: a = "<<E_ain<<" b =
"<<B_in<<" ¢ = "<<C_in<<" d = "<<D_in<<endl;
cout<<"Scattered electric field E_sc: a = "<<E_asc<<" b =

"<<B_sc<<endl;

cout<<"External polarizability P_out: c = "<<C_out<<" d

"<<D_out<<endl; }

if(it==it_max&&J==1&&M==1) {

filed<<thetax180./PI<<" "<<phix180./PI<<" "<<norm(f)<<’\n
7; filed<<180.-thetax180./PI<<" "<<phix180./PI<<" "<<
norm(f) <<’ \n’;

filed<<theta*180./PI<<" "<<360.-phix180./PI<<" "<<norm (f)
<<'\n’; file4<<180.-theta*180./PI<<" "<<360.-phix180./
PI<<" "<<norm(f)<<’'\n’;

file5<<sin (theta) *cos (phi) <<" "<<sin (theta) *sin (phi)<<" "
<<cos (theta)<<" "<<norm(f)<<’\n’; fileb<<sin (theta)*
cos (phi)<<" "<<sin (theta) *sin (phi)<<" "<<-cos (theta) <<
" "<<norm(f)<<’\n’;

fileb<<-sin(theta) *cos (phi) <<" "<<-sin(theta) *sin (phi) <<"
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int

{

"<<cos (theta) <<" "<<norm(f)<<’\n’; fileb<<-sin(theta)
*Cc0s (phi) <<" "<<-sin(theta) *sin (phi)<<" "<<-cos (theta)

<<" "<<norm(f)<<'\n’;}

return for_product;

main (int argc, charx argvl[])

theta=strtod(argv[l], NULL); phi=strtod(argv[2], NULL);

ome_eV=strtod(argv[3], NULL);

fstream nano;
nano.open ("in/nanosphere_eV.dat",ios::1in);

nano>>sp_r>>sp_dome>>sp_ome_0>>G>>omemi>>omema;

N2=int (time_M) ;
sp_r*x=1.e-9;
eps2_0=1.849¢6;

dome= (omema-omemi) /N1;

ome_pl=2.xPIxeV2ix9.6/h;

1f(G<0.) {n_density*=abs (G);}

complex<double> PRODUCT_EP = 0, PRODUCT_EE = 0, PRODUCT_EP_in
= 0, PRODUCT_EE_in = 0;

complex<double> for_product[12] [number_jl={};
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cout<<"\nAnalysis for G = "<<G<<" theta = "<<thetax180./PI<<"

phi = "<<phi*180./PI<<" ome = "<<ome_eV<<"\n"<<endl;

clock_t begin = clock();

for(int it = 0; it<=it_max; 1it++) {

cout<<"\nIT: "<<it<<endl;

cout<<"Current N: "<<N<<endl;

file3<<itxtime_step<<" "; file3<<scientific<<setprecision (10)

<<real (N) <<" "<<real (Nf)<<"\n";

for (int Jj 1; jj<=number_7j; Jjj++){

for(int mm = -1; mm<=1l; mm=mm+2) {

complex<double> xresult_mie;
result_mie=Mie (jj,mm,ome_an,it);
if (mm==1) {for_product [0] []Jj-1]=% (result_mie); for_product[1l]]
Jj-1]1=*(result_mie+l); for_product[2][jj-1]=*(result_mie
+2);
for_product[3] [jJ]j-1]=+(result_mie+3); for_product[4][]]
—1]=%(result_mie+4); for_product[5][Jj]j-1]=*(result_mie
+5);}
if (mm==-1) {for_product[6][Jj-1]=*(result_mie); for_product
[71[33-1]1=*(result_mie+1l); for_product[8][Jj-11=x(
result_mie+2);

for_product[9][]Jj-1]=%(result_mie+3); for_product[10][7]
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—1]=x(result_mie+4); for_ product[ll][jj-1]=x(
result_mie+5);}

1}

int number_ml; complex<double> PRODUCTEr = 0, PRODUCTEt = O,
PRODUCTEp = 0, PRODUCTPr = 0, PRODUCTPt = 0, PRODUCTPp =
0, PRODUCTEr_in = 0, PRODUCTEt_in = 0, PRODUCTEp_in = 0,
PRODUCTPr_in = 0, PRODUCTPt_in = 0, PRODUCTPp_in = O,
PRODUCTEr_inc = 0, PRODUCTEt_inc = 0, PRODUCTEp_inc = 0,

MULTI1=0, MULTI2=0, MULTI3=0, MULTI4=0, MULTI5=0;

for(int j3j1 = 1; Jjjl<=number_7j; JJjl++) {
CC=0.5*pow (img, JJjl) xsqrt (4.+«PIx (2x3j1+1));

complex<double> varR=0, varT=0, varP=0;

for(int mml = -1; mml<=1l; mml+=2){ 1if (mml==1) {number_ml=0;}

else{number _ml=6; }

PRODUCTEr_inc+=CC*alphal2+* (img/sp_r) xsqgrt (Jjl* (Jjl+1)) *b_inc(
331, mml)*3(jjl,x)*Y¥(jjl, mml, theta,phi);

PRODUCTEt_inc+=CCx (alpha2x* (img/sp_r) +b_inc (jjl,mml) *«RBj_prime
(731, x)*Y¥tl(jjl,mml, theta,phi)+a_inc(jjl,mml)*J(jJ1l,x)*YtO0
(3Jj1,mml, theta,phi));

PRODUCTEp_inc+=CCx* (alpha2« (img/sp_r) *b_inc (jjl,mml) *RBj_prime
(331, x) *Ypl (jJ1,mml, theta,phi)+a_inc(jjl,mml) *j(Jjl, x) *YpO

(3JJ1,mml, theta,phi));

PRODUCTEr_in+=CCx (alphalx (img/sp_xr)*sgrt (7Jjlx (J31+1)) *

for_product [number_ml+3] [jJ31-11%x3(Jjl, mxx))*xY(jjl,mml,
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312

313

314
315

316

317

318

319

320

321

theta,phi);
PRODUCTEt_in+=CC* (alphal+* (img/sp_r) +for_product [number_ml+3] [
JJ1-11*RBj_prime (jjl, m*xx)*Yt1l(jjl,mml, theta,phi)+a_in(jjl,
mml)*j (31, m*x)*xYt0(jjl, mml, theta,phi));
PRODUCTEp_in+=CCx (alphal+* (img/sp_r) *for_product [number_ml+3] [
33J1-11*RBj_prime (jjl,mxx) xYpl (jjl,mml, theta,phi)+a_in(jjl,

mml) *j(3Jl, m*x)*«¥Yp0(jjl, mml, theta,phi));

PRODUCTPr_in+=CCx (alphalx (img/sp_r) xsqgrt (Jjl= (JJ1+1))
for_product [number_ml+5] [jJ31-1]1x3(JJl, m*x))*Y(Jjl, mml,
theta, phi);

PRODUCTPt_in+=CCx (alphal+* (img/sp_r) *for_product [number_ml+5] [
33J1-11*RBj_prime (jjl,mxx) xYtl (jjl,mml, theta,phi) +
for_product [number_ml+4][jJ31-1]1x3(jJ1l, mxx)*xYt0(jjl, mml,
theta,phi));

PRODUCTPp_in+=CCx (alphal+* (img/sp_r) *rfor_product [number_ml+5] [
7J31-11*RBj_prime (jjl, m*x) *¥pl (jjl,mml, theta,phi)+
for_product [number_ml+4][]jJ31-1]x3(jJ1l, mxx)*xYpO0(jjl,mml,

theta,phi));

varR+=CC+* (alpha2* (img/sp_r) rsgrt (Jjl* (JJ1+1) )+ (b_inc (jjl,mml)
*3(331,x)+for_product [number ml][Jjjl-1]xh1(jjl,x)))*Y(3j1,
mml, theta,phi);

varT+=CC+* (alpha2+ (img/sp_r) » (b_inc (jjl,mml) *RBj_prime (jjl, x)+
for_product [number_ml] [jJj1-1]+«RBh_prime(jjl,x))*Ytl(jjl,
mml, theta,phi)+(a_inc(jjl, mml)*3(jjl, x) +a_sc(
331, mml)«hl(3J1,x))*Yt0(jjl,mml,theta,phi));

varP+=CC+* (alpha2+ (img/sp_r) » (b_inc (jjl,mml) *RBj_prime (jjl, x)+
for_product [number_ml] [jjl-1]*RBh_prime(jjl,x))*¥Ypl(jjl,

mml, theta,phi) +(a_inc(jjl,mml)*J(jjl,x)+a_sc(jjl,mml)~hl (
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322
323

324

325

326
327
328
329
330

331

332

333

334

335

336
337

331,%))*xY¥p0(jjl, mml, theta,phi));

PRODUCTPr+=CCxalpha2«* (img/sp_r) *sqrt (J71* (J71+1)) = (
for_product [number_ml+2][jj1-1]+h1(jjl,x))*Y(7jl,mml,theta
,Phi);

PRODUCTPt+=CC* (alpha2+* (img/sp_r) * (for_product [number_ml+2] [
jjl-11*RBh_prime (jjl,x))*Ytl(jjl, mml, theta,phi) +(
for product[number ml+1][jjl1-1]1+xh1(3J1,x))~Yt0(jjl, mml,
theta,phi));

PRODUCTPp+=CCx* (alpha2+* (img/sp_r) * (for_product [number_ml+2] [
jj1-1]1+*RBh_prime (731, x))*Ypl (jjl,mml, theta,phi) +(
for_product[number_ml+1][jj1-1]1+xhl1(3J1,x))*YpO0(jjl, mml,
theta,phi));

}

PRODUCTEr+=varR;

PRODUCTEt+=varT;

PRODUCTEp+=varP;

if(jjl==1) {MULTI1l=varRxconj(varR)+varT+conj(varT)+varPxconj (
varP) ; }

if(j3jJ1==2) {MULTI2=varR*conj(varR) +varT+conj(varT)+varPxconj (
varP); }

if (j3j1==3) {MULTI3=varR*conj (varR) +varT+conj (varT)+varPrconj (
varP) ; }

if(jjl==4) {MULTI4=varRxconj (varR)+varT+con]j (varT)+varPxconj (
varP); }

if(jjl==5) {(MULTI5=varR«*conij(varR)tvarTxconj(varT)+varPxconj (

varP); }

PRODUCT_EP = PRODUCTEr*conj (PRODUCTPr)+PRODUCTEt*conj (
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338

339
340

341

342
343
344
345
346
347
348

349
350

351
352
353
354

355
356
357
358

359

PRODUCTPt ) +PRODUCTEp*conj (PRODUCTPp) ;
PRODUCT_EE = PRODUCTEr+*conj (PRODUCTEr) +PRODUCTEt *con7 (

PRODUCTEt ) +PRODUCTEp*conj (PRODUCTED) ;

PRODUCT_EP_in = PRODUCTEr_inxconj (PRODUCTPr_in) +PRODUCTEt_inx
conj (PRODUCTPt_in) +PRODUCTEp_in*conj (PRODUCTPp_in) ;
PRODUCT_EE_in = PRODUCTEr_inxconj (PRODUCTEr_in) +PRODUCTEt_inx*

conj (PRODUCTEt_in) +PRODUCTEp_in*conj (PRODUCTEp_in);

epsl = eps_inf + conj (PRODUCT_EP_in) /PRODUCT_EE_in;

eps?2 eps2_0+eps_0 + 2.+conj (PRODUCT_EP) /PRODUCT_EE;

polarizability = (epsl-eps2)/ (epsl+2.x*eps2);

N = RK4( N, 1./T1, -Nf/Tl-imgx (PRODUCT_EP-conj (PRODUCT_EP))

*2.+%PI/ (n_density+h+ome_pl) );

double cl_p 774.1493093877559;

double c2_p = cl_p*eps_0;

double c3_p c2_p*reps_0;
if (it==it_max) {file7<<ome_eV<<" "<<real (polarizability)<<" "

<<imag (polarizability)<<"\n";}

cout<<"Final N: "<<N<<endl;

cout<<"Final E: "<<real (PRODUCT_EE) /cl_p<<endl;

Ccout<<"MULTI: "<<real (MULTI1)<<" "<<real (MULTIZ)<<" "<<real (
MULTI3)<<" "<<real (MULTI4)<<" "<<real (MULTI5)<<endl;

coOut<<"EPS A C: "<<epsl_exact<<" "<<epsl<<" "<<epsZ2_exact<<"
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360
361

362
363
364
365

366

367

368

369

370

371

372

373

"<<eps2<<endl;

file6<<itxtime_step<<" "<< scientific<<setprecision (10)<<
real ( PRODUCTPr+conj (PRODUCTPr) +PRODUCTPt+conj (PRODUCTPt) +
PRODUCTPp*conj (PRODUCTPp) )/c3_p <<" "<< imag (PRODUCT_EP)
/c2_p <<" "<<real (PRODUCT_EE) /cl_p<<" "<<real (MULTI1)/cl_p
<<" "<<real (MULTIZ2)/cl_p<<" "<<real (MULTI3)/cl_p<<" "<<
real (MULTI4) /cl_p<<" "<<real (MULTIS)/cl_p<<" "<<real (epsl)

"

/eps_0<<" "<<imag (epsl)/eps_0<<" "<<real (eps2) /eps_0<<"

<<imag (eps2) /eps_0<<"\n";

}// END: Analysis.

file3.close(); filed.close(); filebS.close(); file6.close();
file7.close(); // The files are closed.

clock_t end=clock(); // Time measurement ends.

double elapsed_secs=double (end-begin) /CLOCKS_PER_SEC; cout<<"
\nExecution time (min): "<<elapsed_secs/60<<endl; //
Execution time.

cout<<"\nAnalysis for G = "<<G<<" theta = "<<thetax180./PI<<"

phi = "<<phi*180./PI<<" ome = "<<ome_eV<<"\n"<<endl;

cout<<"plot \’"<<name_file3_ome<<"\’ w 1 1w 2 title \’N\’"<<endl;

cout<<"plot \’"<<name_file6_ome<<"\’ u 1:4 w 1 1w 2 title \'|E

| “2\7 "<<endl;

cout<<"plot \’/"<<name_file6_ome<<"\’ u 1:10 w 1 1w 2 title \’Re(
epsl) /Re(epsl_{SS})\’, \V'\’ u 1:11 w 1 1w 2 title \’'Im(epsl)/
Im(epsl_{SS})\’"<<endl;

cout<<"plot \’"<<name_file6_ome<<"\’ u 1:12 w 1 lw 2 title \’Re(

eps2)/Re(eps2_{SS})\’, \'\/ u 1:13 w 1 1w 2 title \’Im(eps2)/
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374

375
376

Im(eps2_{SS})\’"<<endl;
cout<<"plot \’"<<name_file7_ome<<"\’ u 1:2 w p pt 7 ps 2 title \’
Re (alpha)\’, \'\’" u 1:3 w p pt 7 ps 2 title \'Im(alpha)\’"<<

endl;

12.2 Example of input file

This would be the content of file in/nanosphere_eV.dat, where the radius of the nanosphere
a (in nm), hA (in eV), the resonance frequency hwo; (in eV), the gain (G, and the minimum and

maximum value of the incident field frequency /iw (in eV) are specified.

10 0.2 3.19981733 -0.065 3.1 3.3

#ril Dome ome_0 G omemi omema
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