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Resumen

En este trabajo, se utiliza el enfoque de expansion invariante para determinar el
Hamiltoniano de las subredes de grafeno consistente con los elementos de simetria
del grupo puntual Dsj. El estudio incluye los efectos del momento, el pseudoe-
spin y los términos activos de espin. Inicialmente, el Hamiltoniano se genera
utilizando el método de enlace fuerte, hasta el tercer orden alrededor del punto
de alta simetria K de Dirac. Posteriormente, el mismo Hamiltoniano se deriva
utilizando el enfoque tedérico de grupos. Se explican varios conceptos de la teorfa
de grupos, con ejemplos proporcionados para ayudar al lector a familiarizarse con
el formalismo de expansion invariante. El principal producto de este trabajo es
un software desarrollado para generar operadores Hamiltonianos para un grupo
puntual arbitrario. El anélisis resalta las principales deficiencias de los enfoques
de enlace fuerte y teéricos de grupos en la derivaciéon de Hamiltonianos modelo

efectivos, y muestra como combinarlos para describir materiales de manera exitosa.

Palabras clave: expansion invariante, enlace fuerte, grupo puntual Dsp,



Abstract

In this work, the invariant expansion approach is utilized to determine the Hamil-
tonian for graphene sublattices consistent with the symmetry elements of the point
group Dsj. The study includes the effects of momentum, pseudospin, and spin ac-
tive terms. Initially, the Hamiltonian is generated using the tight-binding method,
up to third order around the high symmetry K Dirac point. Subsequently, the
same Hamiltonian is derived using the group theoretical approach. Several con-
cepts of group theory are explained, with examples provided to help the reader
familiarize themselves with the invariant expansion formalism. The main prod-
uct of this work is software developed to generate Hamiltonian operators for an
arbitrary point group. The analysis highlights key shortcomings of both the tight-
binding and group theoretical approaches in deriving effective model Hamiltonians,

and shows how to combine them to successfully describe materials.

Keywords: invariant expansion, tight binding, D3, point group
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Chapter 1

Introduction

Tight-binding (TB) models provide an effective, though not systematic, way to
predict how electrons behave in solids by allowing the choice of an arbitrary number
of neighbors to describe the physics of a material. They are especially useful for
understanding materials with complex band structures, like graphene, and help

explain special features such as the linear dispersion at the Fermi level®#.

However, any perturbation added to the TB Hamiltonian is usually considered
with highly informed criteria, which can lead to the exclusion of important terms,
failing to explain significant physical processes. While these omissions are often
negligible in materials with relatively light atoms like graphene®, more complex

systems do not follow this trend.

An alternative approach utilizes group theory tools to synthesize Hamiltonians

by exploiting the symmetries of materials, known as invariant expansion. This
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method determines which point group best describes a material and selects a basis
set of wave functions that characterize the properties of the electrons, resulting in

a Hamiltonian described by a reducible representation of the point group.

The main advantage of this approach is its focus on the macroscopic charac-
teristics of the material, in contrast to TB models, which are often considered a
microscopic approach to solid-state physics. This perspective provides a clearer
understanding of the overall physical system, which is usually lost when using the

TB approach®?.

The primary purpose of this work is to develop tools to generalize the ideas
of invariant expansion to other physical systems, using graphene as a model. The
ultimate goal is to establish a foundation for describing electron transport in low-

dimensional materials.

1.1 The Tight Binding Model in Graphene

The primitive lattice vectors a; and as of the Bravais lattice in Cartesian coor-
dinates are shown in Figure [l.1a] The parameter a = 2.46 A% is the distance

between two atoms of the sub-lattice A or B3

a; = CL(l, O) 3 Az = a (— —_— (11)
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The primitive reciprocal lattice vectors by and by (1.2)) are obtained using the

relation a; - b; = 27d;;. These form the reciprocal lattice shown in Figure [I.1H]

b () e (0 2) 0

(a)

Figure 1.1: (a) The primitive lattice vectors on the honeycomb crystal structure
of monolayer graphene. The shaded rhomb is a unit cell with atoms A and B,
one of each sub-lattice. (b) The reciprocal lattice vectors. The coloured hexagon
represents the first Brillouin zone. Both Dirac valleys K and K’ are displayed.

Since the dispersion relation in the 7 electrons of graphene is independent of the
rest of the eigenvalues of the Hamiltonian, the energy bands can be approximated
by a TB model to an arbitrary number of nearest-neighbors®®. For this work,
we choose to use third nearest neighbors to provide a general description of the
system, from which we can study simplifications or extend the analysis for more

generality as needed.

The normalized Bloch electronic wave function (1.3)) for the carbon p, orbitals

in the K Dirac valley consists of a linear combination of Bloch functions that use
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coefficients cy,(k), and a m-orbital function ®,,(r) that contains phase compo-
nents dependent on atom position vectors R, on each sublattice A = A, B, which
correspond to the two atomic wavefunctions in the unit cell, as seen in Figure

[1.1a”% The summations extend over all N unit cells within the lattice.

r) = ZCM(FL)(I))\(I') (1.3)
)\I' _\/—1_2 zRRA¢,\ I'—R)\) (14)

First, second, and third nearest neighbors for an atom in the unit cell are
defined by equations (1.5) to (1.7]), respectively. Notice that in all cases, the
symmetry of the system allows to obtain all vectors by a rotation matrix R(6)=.

The complete sets of vectors are mentioned in [Annex Al

() - (3) - (3) 1

Ty =R(2jm/3)T{", =1,...,3, T/ =al0, — 1.5
1 (] /) 1 J 1 < \/§> ( )

9 = R(jr/3)a, j=1,...,6 (1.6)
G) _ o 3) . e 2)

Ty =R(2jm/3)T5 7, =1,...,3, =al|0, —— 1.7
Y = R@jmH. (0.-%)  an

Electron mobility is influenced by interactions among sites within the lattice.
The most general form of the energy of the j-th band, using its eigenbasis |V,), is
given by Equation [1.8°. Bands span over n atomic wavefunctions in the unit cell
j =1,2,...,n. The Hamiltonian matrix elements #;; = (®;| # |®,) and overlap

matrix elements S;; = (®4|®;) appear in the expansion. The coefficients cj; are
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(a) K =1 (¢c) K=3

Figure 1.2: First K-nearest neighbors around carbon a B atom in graphene lattice:
(a) nearest-neighbors, (b) next nearest-neighbors, (c¢) next next nearest-neighbors.

also functions of the momentum vector k, therefore are determined for each .

(O W) i e (il HP)

€(Kr) = = 1.8
() (W;]0;) > Sachici (18)
Oej S Hwici i HaChic 2 Smicii 0 (19)

* o * . . 2 o ’
Vi 2 Cican (Wil ) (Zzl Silcjicjl>

The minimum values of the eigenvalues €; are found when optimized with
respect to ¢j;, obtaining Equation (1.9). The optimization leads to the matrix

equation
> Huucii =€ Y Smci, (1.10)
I I

which may be expressed in matrix form as H1); = €; S1;, where each column vector
is defined as v; = (¢j1,¢j2, ..., ¢jn) over all n wavefunctions in the unit cell. The
overlap matrix S quantifies the physical overlap between atomic orbitals located

on adjacent atoms within the lattice, and therefore contributes to the eigenvalues
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€j. These are finally found by solving the secular equation

det (H —€;S) = 0, (1.11)

returning n eigenvalues for a given k at symmetrical points in the unit cell.

In graphene, the matrix indices obey the sublattice structure in Equation ,
therefore ¢ = X\ and j = ), for two atomic orbitals for 7 electrons. The elements of
the Hamiltonian matrix are commonly referred to as the transfer integrals.
These elements characterize the hopping of electrons between atomic sites and
change depending on the interacting sublattices. The elements of S, often referred

to as overlap integrals, are illustrated by Equation (|1.13]).

1 )
Hav =+ D e BRI (g (r = Ry )| H | (r — Ry)) (1.12)
R)\,R,/
1 )
Sw =T RZR IR (6 (r = Ry) | ox(r — Rov)) (1.13)
Ay Iuy/

It is noteworthy that the complex phase factor in the summation (1.12) rep-
resents the displacement between atom sites to a defined neighbor number m,
Ry —R) = T%), which represents the neighboring sites under consideration. The

integral contains a matrix element of the Hamiltonian in the |¢,) basis. This has
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been redefined as the hopping terms ([1.14)).

tm = (dr(r — R\)|H oy (r — Ry — 7)) (1.14)
Sm = (oa(r — Ry)|dw (r — Ry — 7)) (1.15)
The Slater-Koster scheme neglects overlap integrals, i.e., Sy = 0 for any

A # )\, and only on-site overlaps are Sy4 = 1, enabling the approximation & = 1%.
However, the complete scheme considers the overlap scalars s 4/ for as many
neighbors as needed. In this case, we have s;, s, and s3 for the first, second,
and third neighbors, respectively. These are real numbers. Many calculations con-
ducted in this study will employ the Slater-Koster scheme to simplify the problem.
Consequently, in graphene, the off-diagonal elements of the overlap matrix S are

set to zero (Sap = Spa = 0), unless otherwise specified.

1.2 Transfer and Overlap Integrals

1.2.1 Hamiltonian and olverlap matrix elements

In the context of the three nearest-neighbors approximation, the diagonal elements
of the Hamiltonian consider both the on-site energy €y, and the ¢ hopping term

between the same lattice. Conversely, the off-diagonal elements contain the ¢; and
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t3 hopping terms between different lattices. These parameters are real scalars.

Han =HY + HE, = e + o fok) (1.16)
Hap = HL + HEL =11 fi(k) + t3 f3(K) (1.17)

The diagonal terms ((1.16]) are equivalent across sub-lattices, i.e. (Haa = Hpp),
as both contain identical carbon atoms. Additionally, the off-diagonal elements

(1.17)) are each other’s complex conjugates (Hpa = H'p)-

Notice the super-indices represent the neighbor number. Also, the appearance
of the terms f;(k), which re-scale and add a phase shift to the hopping terms,
depends on the neighbor number (i = 0,1,2,3). As an example, let’s calculate the
on-site energy ¢ = 0. The summation occurs so that every neighboring orbital is

itself, i.e. the distance between neighbors is R/, — R4 = 0.

Mar = YD RO R R~ R (115)
R/, =R,

Han = % Z "0 &, (ga(r — Ra)|da(r — Ra)) (1.19)
R/, =R,

The basis for the p, orbitals is orthonormal, so the term (¢4|¢p4) = 1. The phase
shift in this case is zero, and no dependence on k is left. The summation then

spans all sites in the lattice, as shown in ((1.20)).

1 N
HY) = NZ (1.20)
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The case for Hf,)q is slightly different, since a phase is induced by the hopping
of electrons between neighboring sites. The geometry that satisfies this criterion is
R,—Ra = ng). As shown in Equation (1.6)) and Figure , therearej =1,...,6

second nearest-neighbors that belong to the same lattice.

1 R .
=5 D @i - Ry Hea ~RY). (121)
R;;:RA+Téj)
HO =t folk),  where fo(k) =Y e (1.22)
j=1

The resulting energy term ([1.22)) is the product of a hopping term t,, and
the second nearest-neighbor phase factor f,. The remaining transfer integrals are

computed in a similar manner.

3 .
Hiy=tifilk),  filk) =D e (1.23)

in-‘r(j)

TS (1.24)

<.
w ||
o

Hf])g = t3 f3(K), f3(k) =

j=1

The overlap matrix elements ([1.25) and (1.26]) each contain an overlap term

associated with a nearest-neighbor. These are listed in (1.27)).

Sun =8V + 8 =1+ s folk) (1.25)
SAB = S‘gl; + Sﬁ% = 51 fl(li) + 83 f3(l€) (126)

When comparing the definition of the overlap (1.13) and transfer integrals
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(1.12), the most notable difference is the Hamiltonian operator #. Tt re-centers
the orbital functions ¢, (r — R ), simplifying the inner product term. In the case of
the overlap integrals, there is no operator, so the inner products are not obvious.

However, these have the same value for all sites which belong to the same neighbor

number. For instance, all overlaps s; are the same for all j =1,...,3.
s1=(¢a(rt —Ra) |¢p(r —Rp — 7)), Vj=1,....3
S = (palrt —RA) [da(r =Ry — 7)), Vji=1,...,6 (1.27)
s3=(dalrt—Rp) |dpr—Rp—7V)), Vji=1,...,3

1.2.2 Phase factors

All phase factors are sums of exponential functions that can be manipulated into

more comprehensible equations. The first ((1.28)) and third ((1.29) phase factors are

very similar, since |73| = 2|7;|. Both are complex valued functions:

filw) = (elT e 2) ¢TI 4V
fS(K/) — (eimxa te mwa) Gll\/; iy i2'j/y§a

. ll&y

PR’y _ 3y
—=e V3 4+ 2e "2v3 cos

(%) . (1.28)

(1.29)

_ 2ikya ikya

V8 4 2e V3 cos (Kza).

The second nearest-neighbor phase factor (1.30]) is a real valued function, so it
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re-scales the hopping and overlap terms, as a function of x as shown:

o) = (635 8oy (4 95) & 3o 0,

fa(Kk) = 4cos (@) cos (%) + 4 cos® (agz> — 2. (1.30)

There is a relation between f; and f; that helps simplify analytical manipu-
lations when solving for the eigenvalues of the Hamiltonian matrix. The simplest
identity is obtained by calculating the squared absolute value of f; is , and
comparing it to (1.30). From now on, we redefine f(k) = fi(k).

|f(R)[? = fi fi = 4cos (@) cos (n;a) + 4 cos® (/@;a) +1 (1.31)

folr) = | f(K)]" =3 (1.32)

1.3 Eigenvalue equation

The eigenvalue equation at K yields a characteristic polynomial P(e) with two pos-

sible eigenvalues €4 and e_, and eigenvectors 1, and v_. Using matrix elements

(L.16), (1.17), (1.25), and (1.26]), the P(e) polynomial takes the form

P(e) = det (H — €8) = (Haa — €Saa)’ — [Hap — eSasl* = 0. (1.33)

Notice the absolute value makes it difficult to solve for € in some cases. The
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relation ((1.32)) allows for a convenient redefinition of the on-site energy, as shown
in (1.34)). Consequently, the matrix element H 44 changes according to (|1.35)), and

the Sa4 term changes similarly. The eigenvalues are then obtained by cases.

ggp = €9p — 3t2 (134)

Han = €y +ta| f(K) (1.35)

These relations also allow us to express the Hamiltonian matrix in a more
condensed form . Since this is a 2 x 2 matrix, the eigenvalue equation will
yield a characteristic polynomial P(e) with two possible eigenvalues e, and €_,
and corresponding eigenvectors 1, and vp_. This matrix can be manipulated to

find simpler approximations for graphene, if needed.

2 €op + 12| f(K)] tif(k) +t3fs(k) (1.36)

b () + tafi(K) o+ bo | f(K)]

After solving the characteristic equation for the nearest neighbors Hamiltonian
and rearrangement of terms, and introducing the variable n = +1, which defines

the two energy bands of the 7 electrons, we have the eigenvalue

cap + 1| f(K)|
1+ ns|f(r)]

en(K) = (1.37)

The first-nearest neighbors approximation takes ¢, = t3 = 0 and s; = s3 = 0.

The terms t; = —3.070 eV, s; = 0.070 eV differ by two orders of magnitude,
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which suggests that overlap integrals might be negligible in systems like graphene
in particular situations. The energy eigenvalues for the next-nearest neighbors
Hamiltonian are obtained by solving the characteristic polynomial, and using a

similar rearrangement of terms as before, obtaining (|1.38]).

() — ()] ol ()

" T sl f(m)] 52 B+ [ (R)P) (1.38)

The eigenvectors 1, and ) _ are obtained by replacing each e, and
e_ back into H — ¢,1 = 0, and then row reducing the matrix. Let’s define the
function f (k) = f/|f]. The property f — f* =0 holds. The complete process of
row reduction is shown in [Annex Bl

P, = % <1, f*) = % <—f, 1) . (1.39)

The matrix H —eS for the next next-nearest neighbors takes the complete form
. The analytic expression for the eigenvalues in this case is complicated since
there is no explicit relation between the variables sq, s3, f and f3. Therefore, the
three-neighbor approximation will be only addressed using a Taylor expansion of

the phase factors f and f3.

A series expansion of the elements of the Hamiltonian around high symme-
try points K contains several material-dependent coefficients, which are shown in
complete form in Notice that the Hamiltonian satisfies Hap = HJ}; 4 and

Hap = Hiy 4 to be a Hermitian operator.
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1.4 Spin-Orbit Coupling Hamiltonian

The physics of interest in this system occurs around the Fermi level, which is
located at 0, where both valence and conduction bands for the 7 electrons touch,

at the high symmetry points £K, as shown in Figure [1.34]

157 —— orbital m*
_ 10- —— orbital
>
2
8 51
o
2
S 07

—54

K I M K' -
(a) (b)

Figure 1.3: (a) Bands at points of high symmetry at the edge of the first Brillouin
zone. (b) Energy surfaces around Dirac points?.

Pristine graphene is famous for having a dispersion relation dominated by k-
linear terms around the high symmetry points £K, where k is the magnitude of
the momentum vector. These are often called the Dirac points, because the energy
surfaces of 7 electrons in the vicinity of these points, which are shown in Figure

resemble those for the massless free fermions from the Dirac equation®.

The interesting fact is that after adding perturbations to the system, this sym-
metry breaks and the apparent relativistic behavior in graphene disappears. The
first perturbation to consider is the intrinsic spin-orbit coupling (SOC) in graphene,

which induces spectral gaps at the Dirac points, right on top of the smallest gap



26

between the conduction and valence bands. This effect is seen from second-nearest
neighbors onwards. SOC could have important applications in quantum comput-
ing due to its relatively long spin lifetimes, enough for us to use electron spins
as carriers of information®, as well as a long mean free path which is useful for

spintronics™. The Hamiltonian for this system is*

he 0
Heo(k) = =0, ® hgo = 0, heo, (1.40)

0 _hso
where hg, is a 2 X 2 matrix by definition (1.41]). Notice the SOC hopping constant
value is Ay, = 12ueV¥, which is significantly smaller than the hopping and overlap

terms for the first-nearest neighbors approximation.

. o (2) ()
heo = idso > S - <’T§]) X rﬁ’“’) em< =) (1.41)
ik

It is evident that since the first-nearest neighbor vectors exist in the xy plane,
the cross product ‘rgj ) x 7-5’“) only contains elements in the z direction. As a conse-
quence, the only spin matrix element involved is s,. This simplifies the calculation

of the complete analytic term as shown:

hso = 2\/§3GQSZ sin </{;a> [cos <@> — CoS (R;a)] : (1.42)

When hy, is expanded in series as shown in Equation ((1.43)), the intrinsic SOC

term is evident as the first term independent of k. The SOC Hamiltonian then
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can be written in its most simple form as (|1.44)).
hso = a’s §—§a2 K2+ K]+ (1.43)
so z 9 ] T y .

3
Heo(k) = §Asoa25Z + O(a*k?) (1.44)
The final expression of the Hamiltonian using the TB model is of the form
(1.45). Notice it is a function of the Pauli matrices o;, up to third order on the
wave vector components, which were recognized from equations ((5.1) and only the

first term of the expansion (|1.44)).

V3

3 3
H(k) = €1 + Za%ﬂl(ki + k) + ?a?’tg]lkx [—k2 + 3K2] + S Aoa’s.

2
3t
+a <—\/_ : + \/gtg) [O’xkx + O'yky]

2

L (1.45)
g (gl . 53) [0, (—h2 + k) + 0,2k,

V3t V3t
+a ( ot = T [k (K2 4+ K2) + ok (K2 + K2)]

1.5 Adding new physics systematically

It is possible to keep adding terms to the Hamiltonian by considering more physical

fields and new perturbation Hamiltonians. One example is the SOC Hamiltonian
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Hr(k) under an external electric £ field, which is defined as:

0 h o
Hr(k) = " , where hr =MgS-E x Z 2'7'5])6“”g g (1.46)
i 0 ;

The drawback with this approach is the lack of a systematic method and criteria
to add relevant physical terms to the systems. Usually, after expanding Hamilto-
nian , Rashba spin-orbit coupling type of contributions are often ignored®.
In systems with low molecular weight atoms like carbon, this is no problem, but in

larger systems, ignoring these kinds of terms might result in an incomplete model.

One solution is to use group theory methods to consider all possible operators
that describe a molecular lattice according to its symmetries. The work of Bir &
Pikus"® on invariant expansion allows the construction of Hamiltonians using basis
functions that obey the symmetry operations that leave the crystal invariant. This
approach exploits the symmetries of the lattice and introduces criteria to describe

the physics, without having to guess or do long and error-prone approximations.
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Chapter 2

Methods

The procedure to generate a Hamiltonian for graphene’s 7 electrons consists of
five steps. First, the molecule has to be analyzed to identify its point group G. In
this case, it is necessary to only consider the geometry of the sublattices A and B.
Second, a proper basis set needs to be used to diagonalize the Hamiltonian. This
basis transforms according to an irreducible representation I'y of G. Third, a re-
ducible representation that describes the Hamiltonian is chosen and then reduced.
Fourth, the physics that describes the system is identified to pick appropriate basis
functions that describe the system. It is valid to pick different physical fields or
tensor operators like momentum k, electric field £, magnetic field B, spin vector
operator s, strain tensor €;;, and many more. Lastly, the Hamiltonian is expanded
as a series of basis functions and physical constants to the desired order. The main

concepts will be explained thoroughly, and many examples will be introduced.
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2.1 Principles of theory of invariants

The symmetry of a crystal is characterized by a set of transformations that leave
it invariant; that is, with every site of the crystal unchanged. This set and its

2

operations are called a group”?. Formally, a group is a set G together with a

binary operation G X G — G, which satisfy four properties:

1. Closure: For all a,b € G the product ab is also in G.
2. Associativity: For all a,b,c € G, the equation (ab)c = a(bc) holds.
3. Identity element: There exists e € G such that ea = ae Va € G.

4. Inverse element: There exists a~' € G such that a 'a = aa™! = e Va € G.

An element g € G is called a symmetry operation. There are many spatial
groups of interest in condensed matter physics; however, the one of our concern
is called a point group, which is the group of all rotations R, proper or improper,
that leave the crystal invariant. A proper rotation is a simple rotation about
a coordinate axis. An improper rotation, or rotoreflection, is a rotation plus a

reflection in a plane perpendicular to the rotation axis™!4.

Initially, symmetry operations ¢ of a point group are abstract objects, which
need a particular form to be used. Let v, be a set of n single-valued linearly
independent functions of a point x(xy, 22, x3) in the zyz coordinate system. Let

x(x}, x5, %) be the same point, in the new coordinate system z'y’'z’, which is
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obtained from zyz by the transformation g. The coordinates of x(2’,y/, 2’) in the

new system are the coordinates of the vector ¢~ 'x in the initial system:

v, =(97'%), =Y Rulg zu =Y Bulg)a,, (2.1)

since the same rotation of both the coordinate system and the vector leaves its

coordinates unchanged"?. Now, let Z(g) : v, — 1),, such that:

D(9)ibn(x) =y (97'x) = Z@W ) (%) = ¥s(x) (2:2)

Notice that both operators Z(g) and Z(g) are different, because they act on
different sets of vectors. The only case where Z(g) = Z(g) holds, is when ¢, = x,
Vv =1,2,...,n. Generally, Z(g) # 2(g)**. Anyways, the set of all Z(g) Vg € G
is called a representation I'. The form of Z(g) will depend on the choice of the 1,
functions. Matrices #Z(g) also form a representation, which describes rotations of

space, and not of functions of space.

There are several properties of representations I' that are of interest. The
dimensionality m of a representation is equal to the dimension of each of its ma-
trices. Importantly, these are not unique, since there is always a unitary similarity
(or equivalence) transformation U which generates a new set of matrices by the

product U%Z(g)U !, which form a valid representation®.

These can also be combined as block matrices to form new representations. Let

g € G have two representations I' and I/, each being in matrix form: ¢-dimensional
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P(g) and ¢'-dimensional Z’(g), respectively. The new combined representation I'”

has the block form for all g € G:

" / 1/ @(g) @
M"=rel = 92Q9)= : (2.3)

O )

where O is an ¢ x ¢/ dimensional null matrix. It can be concluded that I'” repre-

sentation is ¢ + ¢’ dimensional.

An important property of I'” is that it is a reducible representation, because
2" (g) has the same block form for all elements in the group. If 2”(g) was not in
block form, then there exists a unitary similarity transformation U that operates
such that T : U2"(g)U~! is in block form. If by the contrary, a representation
I : 92"(g) is such that no similarity transformation makes all matrices in I
acquire the same block form, then I'” is an irreducible representation; irrep, for
short. Now, consider that representations I' and I'” are irreps, then the direct sum

in Equation ([2.3)) is known as the reduction of I'” into its irreducible constituents.

Finally, an important aspect of the theory of invariants is invariance. A Hamil-
tonian H is invariant under a transformation g in the group G, such that it satisfies
the condition (2.4)"2. Notice the transformation happens on the tensor K, and also

on the matrix H, using the matrix representation Z(g).

H(K)=2(9H (97'K) 7 (9) =H(K), Vgeg. (2.4)
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2.2 Symmetry operations in Dsy,

The honeycomb lattice in Figurdl.Ta]shows that each atom in a sublattice A or B
satisfies the symmetry operations of a D3, point group. This group is characterized
by six (k =1,...,6) classes of rotations: one idenity operation E, one horizontal
reflection oy, two in-plane 120° rotation 2C3 about the principal axis, two in-plane
120° improper rotations 253, three vertical mirror plane rotation 90° rotations 3C%,
and three vertical reflections 30,. For consitency, atoms on each sub-lattice are

named according to Figure 2.1}%.

Figure 2.1: Standard axis and atom labeling convention for pristine graphene.

The rotation axes and planes of reflection are shown in Figure[2.2] The in-plane
rotation C'3 happens around the orientation z, which comes out of the plane, as
shown in Figure 2.1l The improper rotations S3 are C'3 rotations followed by the

vertical reflection oy, inverting the perpendicular direction —z.

There are six classes in Dsy,, and there is one matrix for each element in the
class. [Annex D] contains every matrix representation of symmetry elements in Dsj,

generated using vector k, according to the reference frame in Figure [I.ID. All
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Figure 2.2: Symmetry operations of graphene sub-lattices: (a) axes of proper
rotation, and (b) planes of reflection. The shaded plane is one of the three vertical
reflection planes o,, while the graphene plane is the horizontal reflection oy,.

operations on the honeycomb lattice are shown in Figure [2.3]

2.3 Symmetry elements acting on the operator

Applying a symmetry operation g from the group Ds, to the tensor operator K,
we transform it as K — ¢gK. This allows us to reexpress the Hamiltonian H’ in
new coordinates. Consider a Hamiltonian like , which depends entirely on
the components of the momentum vector. To transform these components, we
use the matrix representation of the symmetry element, denoted by R(g). The
transformation of the momentum vector is given by k' = R(g)k. Consequently,
the tensor elements after this transformation are given by the equation:

g = F(K) = f(KL K K. (2.5)

z) Vyr Tz
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Figure 2.3: D3, symmetry operations on graphene. The figures show atoms in the
B sublattice switching positions with respect to the identity element E. The vector
z is green when the operation switches the direction of the plane. The original
system of reference in blue is left for reference.

Lets take as an example the basis functions for the irrep I'g of the invariant
expansion for the block Hamiltonian in the right Dirac point . The tensor
components for this irrep are closed under transformations 2¢)(g) for all g €
D3,”. This means two things in group theory. First, there exists a partner set

B, which contains elements of the tensor operator of n—th order. Second, each
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transformed tensor element glCl('M) is a linear combination of the elements in j3,.

The union of all the partner sets form the basis functions for the irrep I's.

Lets define M = %#T¢)(Cs) as the matrix representation of Cj for this irrep.
According to the invariance equation (2.4)), first we need to transform the ternsor
using g~'. Each transformed element is of the form k] = Miglkj, and for the two

components k, and k, associated with I's on the graphene plane we have

1 3
O b = K, = Mk + Mk, = b + 5, (2.6)
V3, 1 '

Ci'ky =k, = My'k, + My'k, = — 5 ke = Shy.
Both k, and k, form a partner set 81 = {k,, k,}*. In the case of greater powers
n of the the transformed tensor elements, there are different basis (3, that need to

satisfy the same criteria. For second order polynomials we have to take the power

of each transformed element ([2.6)):

2
1 3 k2 3 3
Cy k2 = (k) = (_51% + i@) — <_w _ ikxky + Zk§> : (2.7)

2 4 2
2
~ V3 1 3 V3 k2

Notice that we cannot propose k2 and k; as a partner set of I'g, because their
transformed counterparts are functions of k7, k7 and k,k,. The latter is outside of

the proposed partner set. Now, consider the partner set 8, = {—k2 + k;, 2k ky},
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and the transformations of each element in Ss:

Cyt (k2 4+ k2) = —

|5

(—kZ+E)) +

_ V3 1
Oyt (2k,ky) = -5 (k2 +K) — 5 (2hsky). (2.10)

(2kzky) , (2.9)

N | —

Both expressions are a linear combination of the elements in ;. The same
way happens for tensor elements of the third power, which form the partner set

By = {ky (k2 +K2) . ky (k2 + k2)}, which transform accordingly:

Co [k (2 + )] = =2 [ (2 +0)) + 22 [k, (28] (20
Co lhy (2 + )] ==L [k (24 0)] — L[k (24 4D)]. (212

An important observation is that for all basis functions, the C; ' representation
is recovered after each partner set was transformed, and has the form (2.13)).
Notably, the set of all partner sets 3 represents the basis functions of irrep I'g, and

can be expanded up to an arbitrary order of the polynomials 5 = {1, 52,05 ...}

[
ach=| o7 (2.13)
T2 T2
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2.4 Character tables

The Character Table for Ds; shows both Mulliken and Schoenflies notation
for symmetry elements and irreps, respectively. Notice this table gives valuable
information. For example, the sum of the number of elements in the group yields
the order, or more formally, the cardinality h = |G| of the group. In the case of

Dsp,, the order is h =2 (1 + 2+ 3) = 12.

Table 2.1: Character Table for Ds;, point group and Dsj,(M)? double group™

Dy (M)’ E E* (123) (123)* (23) (23)" ! R R(123) R(123)*
3h 11 2 2 3[6] 3[6] ' 1 2 2
Dgh E Op 203 253 305 3O'U : — - -
Equiv. rot. | R RT RZ® R Ry Rr, R* RTP RIS
T (Ay) 11 1 1 1 11 1 1
Ty (Ay) 11 1 1 -1 -1 1 1 1
s (4;7) 1 -1 1 -1 1 -1, 1 1 ~1
T, (Ay) 1 -1 1 -1 -1 11 1 1
T (E) 2 -2 -1 10 0! 2 ~1 1
Ts (E) 2 2 -1 -1 0 01 2 -1 —1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, . . L -
T7 (Ey) 2 0 1 V3 0 01 —2 ~1 =3
Ts (E3/2) 2 0 -2 0 0 0, —2 2 0
Ty (Es/) 2 0 1 /3 0 0! —2 —1 V3

Table has an extension, when compared to conventional character tables,
which includes the elements of the double group. Formally, the double group is
defined as Gy = G @ EG, where E is a rotation by 27 around an arbitrary axis®,
which doubles the order of the group. Irreps I'; through I'¢ comprise point group

Dsy,. Trreps T'y through T'g make the double group, often referred to as Day, (M ).
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The rotations for discrete groups are finite and can be defined as generalized
unitary rotations U (¢)1. These groups consider the spin degree of freedom in
fermionic systems. Generally, a (2s 4 1) spinor changes sign under a 27 rotation
for fermions. In the case of electrons s = 1/2; the unitary direction n = z and

spin operator T = S, which yields the rotation
U(¢ = 2m) = e 2T/l = gmimo- = 1, (2.14)

This represents the fact that spinors change sign under a 27 rotation. However, it
is possible to pick a basis that does not change under this rotation. For the D3,

point group, this basis transforms according to the irrep I's<.

The character x(g) of a symmetry element g € G is defined as the trace of the

matrix representation %(g)”. Both belong to a particular representation I';:

x(rj)(g) — tr @(Fj)(g) - Z @(Fj)(g)uw (2.15)

where /; is the dimensionality of I';, which will possess h characters, one for each
symmetry element. These are invariant under similarity transformations U, there-
fore providing a systematic way of characterizing point groups, since representa-

tions of symmetry elements are not unique.

An important theorem in group theory states that the sum of squares of the

dimensions /¢; of all irreps I'; of a finite group G equals the order of the group:

> =G| =h. (2.16)
J
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This relation comes in handy when one is trying to find all the irreps of a point
group. If there are any missing irreps, Equation (2.16) will not hold. From Table
[2.1] the dimension of each representation in Dsj, is obtained from the identity
element column FE, since x(FE) equals the dimension of the matrix. Clearly, this

theorem holds, since 4 - 12 + 2 - 22 = 12.

One way of obtaining a reducible representation of a point group is using direct
products of irreps of the same group. The characters of these representations are
enough to characterize them. Let I'; and I'; be two irreps of G. The character of

the reducible representation I'; ® I'y, for each element g € G, is given by:

X(F@Fz)(g) _ X(Fj)(g) X(F“)(g)- (2.17)

2.5 Reducible Representations and Hamiltonians

It is possible to express the reduced form of a reducible representation I' as a linear
combination, in direct sum form, of the m irreps I',, of G, as shown in equation
. Additionally, the characters x (g) of a reducible representation I" can also
be expanded as a linear combination of the characters of irreps Y (g) Vg € G

with the same a; coefficients found in the reduction (2.19):

I' = CL1F1 @D CLQFQ DD CLmFm (218)

X (9) = ax" (9) = arx™ (g) + - + ax"™ (9). (2.19)
Ly
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The coefficients a; are defined according to Equation (2.20]), a sum over the k
classes of Dsp,, where N represents the number of elements of each class. Each
coefficient is obtained for one irrep I';. These coefficients also allow us to express

a reducible representation as a direct sum of irreps I';.

b=7 YN @) X () (2.20)

The Hamiltonian matrix is diagonalized by a basis set ®, that transforms
according to a representation I' of the point group G to which the crystal belongs.
A general Hamiltonian H can be decomposed into blocks H,s5"'% where o« and 3

represent the spaces of the basis functions with a degeneracy n, and ng:

Ly
Hap(K) = atd > XK, (2.21)
=1

Ky

and which transforms according to irreps I', and I's of the group G. Notice this
expansion is written in terms of a complete set of linearly independent n, X ng
matrices X *) which transform according to the irreps that make up the reducible

representation I', ® Fjg?’, which can be reduced according to Equation ([2.20)).

If a block Hamiltonian of the form is used, then by the transformation
(2.4) we get the rotated Hamiltonian . Since the expansion is a multiple
sum, the matrix products happen for every term in the summation. The tensor
elements ICI(H’)‘)* are scalar functions, so they can skip the matrix product with

27'(g). Only the symmetrized matrices Xl(“) are mapped to X’ l(”), as shown.
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as(K’) {Za in(”) g7 K] } 779),

Z a° { X" g) b, (2.22)

=1

Le(K) = a; ZX’

oA

The 7 electrons on each Dirac valley £K of graphene may be represented by a
wave function Wk, which has been projected onto Dsj, point group, and transforms
according to the I's irrep?, since the tight binding hamiltonian ignores the spin
degree of freedom, and this basis will not change sign under a rotation. This
allows to define the block Hamiltonian of the form Hjs5(K), which corresponds to
the reducible representation I's @ I';. Some reducible representations of Ds), are

shown in Table .21

Table 2.2: Reducible Direct Products for D5,

D3y, E o, 2C; 253 3C) 30, | Reduction

T-@l:| 4 4 1 1 0 0|Lelhel,
Is@li| 4 -4 1 -1 0 0| yol,els
eI | 4 4 1 1 0 0| Ihelydly

The expansion of a reducible representation into its irreducible constituents
is unique®”. Therefore, when the characters of two different representations are
reduced to the same combination of irreps, such as I's ® I'} and I's ® I', the

reducible representations are the same, as shown in Table 2.2 We then pick

I's ® I'; as the non-trivial reducible representation.

To work out the a; coefficients for I's ® I'; in Table it is necessary to
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pick an irrep I';. Let’s pick I's. Then, characters for the irrep are obtained using
Table 2.1, and the characters of the reducible representation are obtained using
Equation , as shown in Table To see an example of the reduction of the
reducible representation, see . Finally, according to definition , the

representation consists of 4-dimensional matrices in block form

21 (g) 0 O
(T38T%) (g) = 0 |omg) | o . (2.23)
@] O | 2 (g)

The last detail about the block Hamiltonian is that general tensor oper-
ators K; may depend on the momentum vector k and external vector fields such
as the electric and magnetic fields £ and B, or spin s of electrons. It is possible to
find tables with tensor elements for each irrep of a point group in polynomial form,
to several orders. To obtain them to a desired order, the matrix representations

of Djy, are used on a coordinate system such as the one shown in Figure [I.1b]
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Chapter 3

Results

3.1 Invariant expansion at A and B sublattices

The wave function for 7 electrons in graphene transforms according to the irrep I'5
in the Dy, point group”, and as a consequence, the Hamiltonian matrix operator

is made of basis functions that transform according to the direct product I's ® I';.

Going back to Equation [2.21], the indices for graphene are « = § = 5, such
that the Hamiltonian matrix HE spans over irreps k = 1,2,6. Notice that the
dimension of each irreducible representations are L; = Ly = 1, and Lg = 2. The
symmetrized matrices Xl('i) for each irrep are T'y : 1, 'y : 0, and T : (0, 0,)**2.
The irreducible tensor operators lCl(””\)* are dependent on the basis functions to

be chosen for the Hamiltonian. The constants then will change accordingly. Table

summarizes all parameters needed for the expansion.
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Table 3.1: Expansion parameters for momentum k and spin s

Irrep I, | Dim. L, | Matrices Xl(”) Order \ | Tensors lCl(”v\)?)

I, 1 1 0,1,2 | 15 k24K (3k2—k2) ky
Fz 1 0, 1 Sy
T 2 O, Oy 1,2,3 | ky, ky 5 k2 — K2, 2koky

(K2 + k2) ko, (K24 K2) K,

An expansion of the HE Hamiltonian matrix, for the A sublattice, on all basis
functions A for any given order is possible using the definition in Equation [3.1]

The series is expanded from inside out. A detailed explanation of how the indices

work is shown in [Annex Fl

Ly
HE(K) = Z a’y Z Xl(H)ICl('“’\)* for k =1,2,6
N =1
00 = 3 R+ I o (OKE - X))
B

HE(C) = 3 {aRl™Y + BV 4 0} (00" + 0 k) |
A

(3.1)

Notice that Table [3.1] contains only tensor operators with components of the
momentum vector k and the spin s, operator. These were considered to match the
perturbed TB Hamiltonian in equation . However, it is possible to extend the
physical description with other tensors in relevant situations, such as the electric
field £, magnetic field B, and strain tensor €;;. The irreducible tensor operators

that transform according to irreps I'y, I's, and I's are shown in [Annex E]

To find the Hamiltonian for the wave vector centered at K’', it is necessary to

use (2.4) and recognize the symmetry operation ¢! that suits best. Notice that
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K’ = —K, so it is just a reflection over the horizontal axis. Using the system
of reference in Figure the matrix representation of this operation is the
rotation around the y axis, R(g~") = Ry, such that R (k,, k,) = (—kq, k). Also,
notice that this rotation preserves both sub-lattices A and B, so the representation

D(g) = 1%. This leaves the transformation as
HE (k) = HE (R, 'k) . (3.2)

However, it is possible to express a Hamiltonian equation for both Dirac valleys,

using the parameter 7K = =K. The parametrization leads to

rs(k) =afsl + af} (0,7k, + oyky) + adjo.s. + a1 (k2 + k2)
+al3Lrk, (—k2 + 3k2) + ads (o, (=k2 + k2) + 20,7hsk,)  (33)

+ ag3 (0uThy (K2 + k) + oyky (K24 K3)) .

Notice that, in contrast to the tight-binding expansion of the Hamiltonian
, the invariant expansion contains the extra term a3:0.s. related to
an intrinsic spin degree of freedom, which is often ignored in the tight-binding
models from the start, since the transfer matrices do not explicitly consider the
spin degree of freedom. One has to initially write down a Hamiltonian operator
using a very well-informed criterion, and often these cases are handled case by case.
Although this is the standard procedure, it can be cumbersome, and inexperienced
condensed matter physicists might be prone to ignore important details. Group
theory allows us to infer the physics of electrons using only the symmetry properties

of the crystal and the basis functions which transform accordingly, proving to be
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very useful, even to the experienced physicist.

An interesting detail about Hamiltonian is its connection to very well
known physics. Consider the valley 7 = 1. The term depending linearly on mo-
mentum can be stated as a; (0., + o,k,) = hv o-k, where v is the Fermi velocity,
and represents the electrons near the Dirac points move as if they are massless par-
ticles. The term ag?azsz acts like a mass because it modfies the eigenvalues of the

Hamiltonian, making the gap A evident, analogous to the energy gap created by
a mass term in the Dirac equation. The appoximation leads to (3.4 and (3.5)).

k)~ el +hwo-k+ Ao,s, (3.4)

E(k) = €, £ Vh202k? 4+ A2 (3.5)

Other terms can be analyzed in a similar manner. For example, the term ki—i—k;
gives electrons an effective mass m*, in the form h?k?(2m*)~!. Also higher order
terms have common names in literature. For example, cubic terms are known
for trigonal warping, which brakes the conical symmetry around the Dirac points
and the energy surface starts becoming like a trigonal pyramid**. Using the TB
constants in the Hamiltonian including up to trigonal warping is:

21,2

k
— +ailk, (—k2+3k2).  (3.6)

HE (k) ~ eopl + hvo -k + X028, + o

The main disadvantage of this expansion is the lack of knowledge it provides

regarding the physical constants az‘f for each term of the Hamiltonian (2.21)). This
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approach then borrows physical criteria from the tight-binding methods to deter-
mine the value of each constant while being consistent with the terms considered

in the Hamiltonian. [Annex CJ] contains information about all these coefficients.

3.2 No-go SOC matrix elements

Pristine graphene naturally belongs to the Dg;, point group. The subdivision of
graphene into two sub-lattices implies a reduction of the symmetry elements to
that of Dsj, a subgroup of Dg,, and as a result both share several symmetry
operations. Some of these operations inhibit matrix elements that contribute to

the SOC Hamiltonian, according to Kochan’s no-go rules?.

To see these rules, consider the atom notation in Figure Also consider a
m-orbital state |X,,0) on an m site with a spin degree of freedom o = {1,]} =
{+1, —1}, in direct space®. The first no-go rule states that the horizontal reflection
oy, operation inhibits all spin-flip SOC terms®, meaning that any matrix element

attempting to connect any two sites with spins of different orientations is zero:
(X0 | Hoo | X0 (=0)) 2 — (X0 | Heo | Xn(—0)) (3.7)

which applies to any pair of m and n sites on the lattice, as shown in Figure [3.1a]

The second no-go rule states that the combination of spatial inversion Z, lattice
translation T}, and temporal inversion 7 inhibits spin-flip SOC terms between first-

nearest neighbors, that is, between neighboring atoms of different sublattices®. The
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B

Ay /Y |
)\ /\/
(a) First rule (b) Second and third rules
‘ A(
As \:/:
¢ By C /\\/53/_
\\-//\ \\/’\

BQ A1 BQ Al

(c) Allowed terms on both orientations

Figure 3.1: Diagrams for no-go rules. Notice that the first rule at (a) applies for
any pair of sites on the lattice. The second and third rules (b) only consider the
first-nearest neighbors.

matrix elements as in Figure are:

(As0] Hyo | B3(—0)) 5 (Bao| Heo | As(—0)) |
(B20] Heo |A5(—0)) =2 (Bso| Hyo [As(—0)) , (3.8)

(Bso| Hao |As(—0)) L — (Aso| Heo | B3(—0)) .

The third no-go rule states that the combination of lattice translation 7T, and

vertical reflection 3C5 inhibits spin-conserving SOC terms between the first-nearest
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neighbors?. The matrix elements also follow the interaction shown in Figure [3.1b}

(A50| Ho | Bso) 22 (A30| Hao | Bao)

(3.9)
(A30| Heo | Bao) 2% — (Aso| Heo | Bsor) .
The only allowed matrix elements by all operations in Ds;, are given by:
. A
(X0 | Hao | Xn0) = Oy [82] — for [8.],, = +1. (3.10)

0'03\/37

where A is the SOC hopping constant found also in the block Hamiltonian (3.3]) in
the term a5}0.s.. These allow spin-conserving interactions between second neigh-
bors. This does two things for our model. First, it confirms that it is consistent
with the symmetries of the Ds;, point group. Second, it connects the invariant
expansion to matrix elements, as shown in equation (3.11]), which as shown in
Figure has a dependence on orientation of the hopping, which is negative for
clockwise direction and positive for anti-clockwise direction.
I\

3v/3 = (A3 1| Heo |Ag 1) = (Ba || He | Bs |) = — (By 1| Hao | B3 1) (3.11)

3.3 Software Development

A Python self-contained software that automates the generation of block Hamil-
tonians of the form ([2.21)) was created. This software uses the Numpy'® numeric

module and Sympy*® symbolic computation module to operate. A flowchart that
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describes the use of the software is illustrated in Figure [3.2

Dsp,
Fenla

DirectProduct
k,E Bs,...
GroupElements 9
Jupyter - .
Notzz:)ok S gl ReducibleRepReduction [ il expand_transformed [l i g

PointGroup Class BlockHamiltonian Class BTE?{

Hap(K)

Figure 3.2: Flow chart for the use of the software to generate an invariant expansion
of a Hamiltonian operator, using group theory.

The user provides information about a point group, one reducible representa-
tion (the block indices), and an appropriate set of tensor operators which describe
the physics of the problem. These are passed to an instance of the BlockHamilto-
nian object. This object utilizes the PointGroup class for group theory operations,

such as obtaining the reducible representation I', s in terms of irreps, using ([2.20)).

The ezpand method of the BlockHamiltonian class allows the Hamiltonian H,gs
to be written down to the desired order. The Hamiltonian H,s can be expanded
directly or by using transformed basis functions g/C according to a symmetry op-

eration of the group related to the reducible representation. In UML

diagrams of the classes and the code have been included for reference.
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Chapter 4

Conclusions

In this thesis, we developed software using group theory to study quantum oper-
ators in materials like graphene. This software handles complex calculations and
uses the invariant expansion method to systematically generate Hamiltonians to
a desired order by using crystal symmetries, avoiding the exclusion of relevant
terms and improving on traditional tight-binding models. The software offers a
user-friendly interface for calculating properties of point groups, such as reducible
representations and relevant tensor operators. The software outputs the expanded

Hamiltonian to the desired order, streamlining the research process.

We demonstrated that group theory ensures all relevant physical terms are
considered, based on the crystal’s symmetry properties. The invariant expansion
method systematically includes all possible physical interactions dictated by crystal
symmetries, providing a more accurate description of materials. Using invariant

expansion, we identified appropriate basis functions that transform according to
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the irreps of the point group Dsj,, allowing us to expand the Hamiltonian to the

desired order while maintaining consistency with crystal symmetries.

For spin-orbit coupling (SOC), the invariant expansion method identified SOC
terms consistent with Dg;, symmetries, including spin-conserving interactions be-
tween second neighbors. These terms were validated against Kochan’s no-go rules,

confirming their consistency with known physical constraints.

While this work focused on graphene, the developed methods are generaliz-
able to other two-dimensional materials, opening possibilities for studying other
symmetry properties. Future research should develop methods to generate tensor
operators for any system and order, enhancing the invariant expansion method’s
applicability to a broader range of materials and physical systems. This work
provides a strong foundation for future studies, offering a systematic and compre-

hensive approach to modeling and understanding complex material systems.
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Chapter 5

Annexes

Annex A: Nearest neighbors on graphene

The nearest-neighbors in the basis X, y; where obtained graphically from Figure
When a B atom is used as the reference, the first three ng ) nearest-neighbors

are A atoms, so involve inter-lattice hopping of electrons. These vectors are:

a a 0
(1) 2 (2) _ 2 (3)
_ V3a __ V3a 3a
6 6 3

There are six second, or next-nearest neighbors ng ). These describe intra-
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lattice movement of electrons B-B. The first three next nearest-neighbors are:

a _a —a
Tgl) - ; ) Tg2) - ’ ) Tg3) -
V3a V3a 0
2 2
The remaining vectors satisfy the following relations: 7'&4) = —Tgl), 7'55) = —7(22),

and TéG) = —7'53). These can be verified in Figure m Finally, the third or next

next-nearest neighbors ‘rgj ) are again, inter-lattice electron mobility B-A, and are

the following, as seen in Figure [1.2¢}

a —a 0
. O O

3a 3a o 2v/3a

3 3 3

It is possible to find more k-nearest neighbors to any arbitrary number k,
however it would depend on each case, since usually beyond the seond nearest

neighbors, calculations do not add much more precission.
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Annex B: Eigenvectors for Graphene

The eigenvectors ¢, = (wsrl), f)) and ¥_ = <¢(_1 ),w(_z )). Since there is always

one free vairable, I pick a value that normalizes the wavefunction.
—t|fl  tf |0 —fre Flo
n=+41: ~
tf* —tlfl|0 fl =110
= [ frs o e frlf]
0 0 (f=/)fIf

frre = rrlfl
) = P = frell
0

o) [ £ slsl]o
o) \rul s o
oy ( s gy
o) \U-Hrif o

) = U = —fy®

0
0
0

_f* 1
0 0

t)fl tf
n=-—-1:

tf* tlf|
fre frr
fIEf e

0
0
0

1 f
0 0

0
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Annex C: Physical constants for TB and SOC block

Hamiltonian

The series expansion of the TB Hamiltonian matrix elements around the Dirac

point K contains several coefficients has the form:

Hon = €2p + zath (k2+ k) + \/——CL?’tQ [—k2 4+ 3K7]

HAB =a ( \/_tl \/—t3> [ + Zk‘y]
+a? (% + ';3) (K2 — k) — 2ikyky)

o (ﬁ“ _ ﬁ“”) ko (K2 4+ K2) + ik (k2 + 12)]

(5.1)

48 6

where there are imaginary components, that when factores out from the complete
matrix form, transform into Pauli matrices. Refer to equations (1.45) and (3.3} - ) to

compare both Hamiltonians using these constants and verify both are the same.

3t
ase = €ap (5.2a) aly =a <—\/; L \/§t3> (5.2¢)

3
a2 = Za’ty 5.2b ot
nTy (5.2b) a2} = a® <§1 + §3> (5.2f)

=-—a 2
12 8 “ tz (5 C) 55 3 \/gtl \/§t3

3 Qg3 = @ 48 - 6 (52g>
as; = 5/\30a2 (5.2d)
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Annex D: Matrix representations for symmetry el-

ements in Dy,

Table 5.1: Matrix representations for elements in Dsy,

Class k | Element g | Matrix representations Z(g) on orthonormal vector basis
1 00
1 E 010
001
10 0
2 o 01 0
00 -1
1 3 V3
o (E N (4T
3 o -5 2 0% -3 0
0 0 1 0 0 1
1 V3 1 V3
ST S o Y S
4 ;! -5 3 0% —3 0
0 0 -1 0 0o -1
1 V3 1 V3
Cyq -3 —%5 0 -1 0 O -5 5 0
5 s, o g o1 o) (81 o
Ch3 0 0o -1 0 0 -1 0 0 =1
Tui —1 =B 0\ /-1 00y [~} Lo
6 Ov,2 8 Lo, 0 1Tof, £ 1 o
0u,3 0 0 1 0 01 0 0 1
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Annex E: Reduction of ['s ® [';

Let classes E, oy, 2C3, 2S5, 3CY and 30, be numbered k = 1,...,6, respectively.
Let the ag coefficient be the scalar on the reduction related to irrep I'g. This

coefficient is obtained using equation (2.20)) as shown:

k=1
a =5 (124412442 (=1)- 142 (1) 14+3-0-0+3-0-0],
8+8—-2-2 12
ag=—— " 221
12 12

The remaining coefficients are obtained similarly, and are a; = as = 1, and
ag = a4 = a5 = 0, resulting in the reduction I's @ I'; =Ty @'y @ I's. The complete
set of characters for all representations involved in the reduction are in Table

Table 5.2: Reduccion de representacion I's @ I';

Dgh E Op 203 253 30& 30'1)

r4)/ 1 1 1 1 1 1

Ty (4) 1 1 1 1 -1 -1

Ie(F) | 2 2 -1 -1 0 0
2
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Annex F: Invariant expansion details

Equation describes the expansion of the block Hamiltonian Hs5. To visualize
how the indices are used, the following scheme was crafted. Notice that unidimen-
sional irreps 'y and T’y show onlye one function on each constant a’3. The irrep
['¢ is two-dimensional, therefore each constant a3 is followed by a combination of

two tensor operators. These are partner functions.

I P Mo
L, =1 [,=1 Lg =2

A A A

' = w V o N o N

1) 1 ~(1,2)* 2) 1 -(2,2)* 6) 1~(6,))* 6) 1~(6,))*
1 = 3 (XD 1 BAOKED 4 5 (O 4 X))

A
s = {aBI + B 4 o (k" 4 00N |
A

When using only functions in Table[3.1] the expansion of the Hamiltonian takes
the following form, where the order index A is expanded from the smallest order

for each irrep I',:

[ P
)\:0,1,2 A:l

HTs(k) = a3l + af5 1 (k2 + k2) + afsTirky (—K2 + 3K2) + a3j0s,
U6 =P +a3; (oxThx + oyky) + a33 [ox (—KZ + kZ) + oy (2keky )]
A=1,23 438 [owrke (K2 + K2) + oyky (K2 +K2)] -
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If there is any other physical scenario, many other basis functions can be chosen,
such as the electric field €, magnetic field B, and strain tensor €;;. These basis

functions for the I's @ T'% is shown in Equation ([5.3))".

[ 15 K2+ k;; (Skz — k’i) ks kolp + kyEys  €xn + €y
(€yy — €xa) K + 2€0yky; (€ — €2a) Ex + 264, Ey;5
s:By + 5,8y 8.8 (saky — syka) E 5. (ke — kyEa)
Ty (BKZ—k)) kys Bey koly—kyEas (€na — €yy) by + 260 kys
(€ox + €yy) By (€oa — €4y) Ey + 260y E05 523
SaBy — 5yBus  (Soka + syky) €25 82 (€an + €yy)
To: kyky; K= k2 2kkys (K24 K2) ko, (K2 4 42) kys
B.ky, —B.ky; &, &y kyEy — kp&y, K&y + kyEys
EB., —E:B.y E.By, —E.B, (5.3)
€yy — €aows 260y3  (€ax T €yy) (Ko, ky) 5
(€xae — €yy) ki + 2€0yky, (€4 — €a2) Ky + 260 k03
262y 8., (€20 — €yy) Bzj
(€xa — €yy) Ex + €2y, (€yy — €az) Ey + €2y
(€xx + €yy) (€2 Ey) s 82Ky, —52Ku3
syBy — 8.8y, 5:By + s,By;  5.E,, —5.E4;
SyEsy =823 s (kuy + kyEs) 5. (ko — kyEy) s

(Suky + Sykz) &, (Suky — syky) €23 2S.€0y, Sz (€xw — €yy) 3
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Annex G: Code for analytic calculations

Both UML diagrams were created using RedDress-PlantUML templates.

pointGroup

Figure 5.1: UML diagram for BlockHamiltonian and PointGroup classes.



@ SymmetryOperation

Oldentity : sympy.Matrix

O ReflectionX : sympy.Matrix
O ReflectionY : sympy.Matrix
O ReflectionZ : sympy.Matrix
Omath : MathTools

© ImproperRotationZ(m, n)
© ProperRotationX(m, n)
© ProperRotationY(m, n)
o ProperRotationZ(m, n)
0 VerticalReflectionX(m, n)
o VerticalReflectionY(m, n)
O VerticalReflections(m)

math

© MathTools

o DisplayEquation(equation, label, RHS)

O LabelMarkdownEquation(equation, label)
o RotationX(theta)
O RotationY(theta)

© RotationZ(theta)
o TaylorExpansion(kx0, kyO, x, y, f, truncate, degree)
o TruncateExpressionDegree(expression, X, y, degree)

Figure 5.2: UML diagram for SymmetryOperation and MathTools classes.
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