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Resumen

Esta tesis explora la teoria de las cuerdas en el limite de tension cero. Se estudiarédn
las simetrias de la teoria y su dinamica. Se considerara a la teorfa como un limite
de la teoria de cuerdas, aunge también se estudiaran las cuerdas con tensién cero
entendiéndolas como objetos fundamentales. Se encontré que las ecuaciones de
movimiento para las cuerdas bosénicas y supercuerdas sin tension se alinean con el
Algebra Conformal Galileana (GCA) y su contraparte supersimétrica (SGCA).

La cuantizacion candnica reveld caracteristicas tnicas: las cuerdas bosénicas sin
tensién exhiben un vacio de estado de frontera de Neumann, mostrando que las
cuerdas abiertas emergen de cuerdas cerradas, con todos los estados sin masa. Para
las supercuerdas sin tension, las transformaciones de Bogoliubov conectan los vacios
con y sin tension, integrando modos fermionicos y bosonicos en el vacio. Ademaés,
se propone un método basado en el dlgebra su(1,1) para calcular estos vacios.
Palabras clave: cuerdas sin tension, vacio, modos fermiénicos y bosénicos



Abstract

This thesis explores the theory of tensionless strings, examining their symmetries
and dynamics as both a limit of tensile string theory and fundamental objects. It
was found that the equations of motion for tensionless bosonic and superstrings
align with the Galilean Conformal Algebra (GCA) and its supersymmetric counter-
part (SGCA). Canonical quantization revealed unique features: tensionless bosonic
strings exhibit a Neumann boundary state vacuum, showing that open strings
emerge from closed strings, with all states being massless. For tensionless su-
perstrings, the Bogoliubov transformation connect tensile and tensionless vacua,
with the vacuum incorporating fermionic and bosonic modes.Additionally, a method
based on the su(1,1) algebra is proposed for calculating these vacua.

Key words: tensionless strings, vacuum, fermionic and boson modes.
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Introduction

String theory has long been regarded as one of the most promising frameworks
for unifying quantum mechanics and general relativity. At its core, string theory
replaces point particles with one-dimensional extended objects known as strings.
The tension of these strings, a fundamental parameter inversely proportional to the
square of the characteristic length, determines their dynamical behavior. In the limit
of infinite tension, string theory simplifies to the point-particle description. On the
other side, in the tensionless limit, string theory enters into a regime that probes its
ultra-quantum nature, offering insights into phenomena at extremely high energies.

The tensionless limit of string theory has been studied extensively since its incep-
tion in the 1970s, with foundational work by Schild [19] and subsequent refinements
by Gross and Mende in the context of string scattering amplitudes [12]. This limit
reveals an emergent symmetry structure far richer than that of the tensile theory.
For bosonic strings, the familiar Virasoro symmetry on the worldsheet transitions to
the Bondi-Metzner-Sachs algebra, or equivalently, its 2D Galilean Conformal Alge-
bra counterpart [1]. For superstrings, the symmetry extends to the Super-Galilean
Conformal Algebra, with further differentiation into homogeneous and inhomoge-
neous variants [4, 7).

The study of tensionless strings provides a novel perspective on addressing sev-
eral fundamental problems in theoretical physics. First, this regime highlights its
connection to higher-spin symmetries, as the disappearance of tension renders all
string states massless, allowing higher-spin fields to dominate the spectrum [20].
All these characteristics help to establish links between string theory and Vasiliev’s
higher-spin theories, as well as with holographic dualities that connect gravitational
and quantum field descriptions [23].

Lastly, the Hagedorn transitions represent another key application of the tension-
less regime. At temperatures near the Hagedorn temperature, the effective tension
of the string decreases to nearly zero, making the tensionless string theory an essen-
tial framework for describing this critical phase. In this phase, long strings emerge
as the dominant objects, offering a natural explanation for the breakdown of the
usual perturbative description of string theory and enabling the study of associated
phase transitions,[3, 2]. The tensionless limit, therefore, not only provides a window
into exploring ultra-relativistic aspects of string theory but also establishes profound
connections between symmetries, dualities, and thermal phenomena, opening new
possibilities for understanding the fundamental structure of the theory.

The quantum regime of tensionless string theory is crucial for improving our
understanding of the phenomena at very high energes. In the tensionless limit,
superstring theory seeks to capture these highly energetic phenomena and generalize
them to include fermions alongside bosons.

At the heart of quantum string theory, vacua play a central role in shaping and
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defining the state space. Specifically, the vacua that emerge from the free open
string are tied to the conditions at the free ends of these strings. Similarly, the
vacua of closed strings are linked to the absence of free ends. In the tensile theory,
the vacua of free closed strings and free open strings are not related. However,
under the tensionless limit, closed string vacua become connected to open string
vacua, as the closed string behaves like a quantum open string. Furthermore, it
has been demonstrated that, in the tensionless regime, multiple distinct types of
vacua exist for the closed bosonic string, each leading to different quantum theories
[5]. This underscores the sensitivity of quantization to the methods used to impose
constraints, offering new insights into the physics of string theory.

Vacua also could be used to define a novel way to define metrics for calculating
distances, such as the quantum information metric, which quantify the distances
between different theories in a continuous space of quantum field theories. These
metrics are essential for studying how theories are related and how they transform
into one another through their vacua. [22; 21].

This thesis focuses on exploring the classical and quantum aspects of both ten-
sionless bosonic and tensionless superstrings with focus on the construction of the
vacua of the theories. It begins with a treatment of the tensile bosonic string in
chapter 1, examining its classical dynamics through the Nambu-Goto and Polyakov
actions, and extending to its quantization via light-cone and covariant methods. The
chapter 2 turns to the tensile superstring, emphasizing the role of supersymmetry
in extending the bosonic string framework. Here we provide a detailed analysis of
classical descriptions, including boundary conditions and, the covariant quantization
in the (NS,NS) sector.

Chapters 3 and 4 focus on the tensionless regime, where strings lose their ten-
sion, revealing new symmetries and physical behaviors. In Chapter 3, the tensionless
bosonic string is introduced, highlighting its unique equations of motion, mode ex-
pansions, and the emergence of the 2D Galilean Conformal Algebra (GCA). The
chapter also investigates the quantum structure, including constraints, induced rep-
resentations, and the vacuum structure, which notably demonstrates the transfor-
mation of closed strings into open strings in this limit.

Chapter 4 extends these concepts to the tensionless superstring, characterized
by the Super Galilean Conformal Algebra (SGCA). The classical description in-
cludes symmetries, mode expansions, and connections to the tensile limit, while the
quantum analysis explores Bogoliubov transformations, vacuum structures, and the
interplay between bosonic and fermionic modes. Finally, the last section, will be
dedicated to presenting the conclusions and future directions and new results.



Chapter 1

The Bosonic String

In this chapter, we will examine the classical and quantum relativistic bosonic
string theory in the Minkowski background space-time. We start by introducing
the Nambu-Goto and the Polyakov actions and we describe their respective symme-
tries. Then, we will use these symmetries to simplify the equations of motion for
the open and the closed string models. The quantization process is then presented.
It is carried out using both light-cone and covariant methods, both of them bring
different insights and provide different tools for handling the physical constraints
imposed by Lorentz invariance and reparameterization symmetry. In both methods,
the quantum vacuum state and its associated Fock space form a basis for the theory,
with excited states arising from the application of string oscillators. Finally, the in-
troduction of boundary states enforce the use of Neumann boundary conditions in
the quantum regime.

1.1 Classical Description

1.1.1 The Nambu-Goto Action

The fundamental idea of string theory is to promote the point particle to a relativistic
vibrating string with tension 7' (Fig. 1.1). As it moves through space-time of
D = d + 1 dimensions, the string draws a two dimensional surface ¥ . This surface
can be parameterized using two coordinates: ¢° = 7 and o' = 0. The action for
a moving string with coordinates X*(7,0), where p = 0, ..., D, in the Minkowski
space is given by

SNg[X“] = —T/ d0'2£,

2

:—T/d02 —det(Vag),  Vap = 0aX"05X 1., 1.1
LAy (Vas) 8 5. X1, (1.1)

=-T / da2\/ —X2X"72 4 (XX")2.
%

Here, 0, X" = X* 0, X" = X" and Yap 18 the induced metric from a D-dimensional
Minkowski space. The action (1.1) is called the Nambu-Goto action.

At each point of the world-sheet there is one time-like and one space-like tangent
vector [9]. In order to prove that the quantity under the square root in (1.1) is
positive let’s consider a generic tangent vector v#(\) = X* + AX* where \ €

14
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Figure 1.1: From worldlines to worldsheets

(—00,00) is a parameter. To have both timelike and spacelike tangent vectors,
v?()\) must take both negative and positive values as we vary A. Then, v*(\) = 0
must have two real roots. Therefore, the discriminant of v?(\) = 0 must be positive,
and then

(XX")? - X2X"7 > 0. (1.2)

The Nambu-Goto action has two types of symmetries: The global and the local ones.
Thus, the global symmetry corresponds to the Poincare invariance, a symmetry
on the worldsheet:

XH 5 XP = AL XY 4 b (1.3)
Under this transformation, the elements of the induced metric in (1.1) change as
Vap = N Oa X' 0pX" = AN ;00 X705 X7 = 11000 X705 X°. (1.4)

Therefore,

gNG = —T/d0'2\/ —det(ﬁaﬂ), '?aﬁ = 8QX“85X”UW,
, 1.5)
— —T/ do*\/—det(Vag),  Vas = OuX 05X 10, (
g (Vas) 8 5 XN

= Sna-

The local symmetry called diffeomorphism invariance is a gauge symmetry on the
worldsheet. We may redefine the worldsheet coordinates as

0% — a%(1,0) (1.6)

Under this transformation, the line element ds* = y,3d0* = Y4,d6” remains invari-
ant. Then, Vo = (M7T) aaVapMys, where M, = 9,5°

Sna[X!] = /daQ\/—det(%ﬁ) = /d&2|det(M)|\/—det(MT)det(%ﬁ)det(M),

_ / d52|det (M)]|det (V) |y/—det(Gus) = Sna

(1.7)



16

1.1.2 Equations of Motion and Boundary Conditions

In order to obtain the equations of motion, we vary the Nambu-Goto action (1.1)
in the following way:

oL oL
= 2| = p p
5SnG /dg [a 00X +5 20,0X ]

Ty o1
_ / ir / do [0,(5X"P,) + 0,(6X"11,)) — 5X*(0, P, + 0,L)],  (L3)
i 0

Ty ty o1
:/ dr[6 X*I1,]5" —/ dT/ doé X"(0-P, + 0,11,) =0,
T T 0

where the canonical momentum density P, and II, are given by
N (X - X)X/, — X?X, 0o 0L _ (X - X)X, - X°X/,
oo \/(X’-X)Q—XQXQ’ roooxw

\/(X’ } X)Q — X2X72
(1.9)
As it can be seen, it is necessary to impose some conditions that the bound-
ary terms in (1.8) need to satisfy. The boundary conditions will provide unique
configurations to the strings. The boundary conditions can be classified as:
-Dirichlet boundary condition:

0, XH(1,01) =0, w#0 (1.10)

The Dirichlet boundary condition enforce that the endpoints of the open string
remains fixed throughout the motion.
-Neumann boundary contidion

II,(r,00) =0 (1.11)

This condition does not impose any constraint on the variation of the string coor-
dinate at the endpoints, as can be seen in the term [0.X*II,]§'. Thus, the endpoints
are free to move in the space-time.
-Periodicity condition

XH(r,0 +2m) = X*(1,0) (1.12)

This condition sets up the configuration of a closed string. In this case, the string
coordinates X* (7, o) are periodic functions.

With the vanishing of the boundary terms, only the second term on the right-
hand side remains in the equation (1.8) . This term must vanish for all . X*, then
we conclude that

0P, + 0,11, = 0. (1.13)

There are only two constrains that can be obtained by consider the momentum
density (1.9) [11]:

P-X'=0, P24+ T?°X"? =0. (1.14)

In order to simplify the equation of motion and the two constrain equations, a

class of gauges are introduced, they fix the parameterization of the worldsheet. The
parameterizations of open and closed strings are defined as [26]

n-X(1,0) =M\,

1.15
n-P = An-p, (1.15)
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where \; o are constants that can be determined by integration over the string:
A = Bd(n-p)T, Ay = B/2m with f = 2(open string), 1(closed string). In (1.15),
X*# are points that lie both on the world-sheet and on the hyperplane with normal
vector n# (Fig.1.2). In this parameterization the momentum density n-P is constant
so the o value assigned to a point is proportional to the amount of n - p momentum
carried by the portion of string from the endpoint ¢ = 0 to the sigma point o = o
26].

Figure 1.2: String parameterization: the gauge condition n- X = A7 fixes the string
coordinates to be the curve at the intersection of the hyperplane.

In addition, there is (up to scaling) a unique tangent vector which at the same
time is orthogonal to the vector X* for every point of the worldsheet. That is,

X -X'=0. (1.16)

Equation (1.16) is a constraint that follows from the previous parameterization. An
additional constraint equation arises when the relations (1.15) and momentum in
(1.9) are considered:

1 XPXH
2ral /_XQXQ’ (1.17)
1 X?(n-X) '
n-p=
P Ba' \/_x2x72
X2+ X?=0 (1.18)

Given the above constraints (1.16) and (1.18), the momentum densities P* and I1#*
simplify considerably:

PH =

1 = 1
X'u', HN — —%X‘u/. (119)

7)#_

2ma’

Therefore, the equation of motion (1.13) also simplifies to the wave equation:
0P, + 0,1, =0 (1.20)
= XH— XM =, (1.21)
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1.1.3 Polyakov Action

The Nambu-Goto action contains a square root which is difficult to treat at the
moment of the quantization procedure. It is possible to avoid the square root at
the expense of introducing an intrinsic metric tensor 2% on the worldsheet. The
Polyakov action incorporates this metric tensor to produce an equivalent classical
action [9].

T
S[XH, hP] = -3 / do*/ —hh*P0, X 05 X" 1y, h = det(hap). (1.22)
¥

Let us now describe the symmetries of the Polyakov action. This action has a global
symmetry: Poincare invariance

XM — XM= A XY 4+ b (1.23)
IXH =a' X", a, = —a,t (1.24)

N T - -
S=-3 / Ao/ —hh*P 0, X 05X 0y,

T o 1% v
- _§/d02\/—hh (0 X" + a0 X7)(05X" + a” 500X )1,

T @ v v
=53 / do*/=hh (06X 05 X0 + 00X 05X " 0 )i}, (1.25)

T
=5-3 /daQ\/—hhaﬁ(ﬁaX“aﬁXaaua + 0u X705 X" ay,),

T
=5-3 / AoV —hh*P 0 X105 X" (ay + avy),
=S

Moreover, the Polyakov action has two local symmetries, the first one is Diffeo-
morphism invariance:
0% = %(1,0) (1.26)

Under the transformation (1.26) the metric tensor changes in the following way:

06 95°

5o DoF (1.27)

o8 (o) — b (&) = (o)

~ T Ty
S==5 [ d&*N —hh*?0, X" 05X 1,

T . . 59 958 OXH 9XV
:——/dJQJ\/—hJ—Qh“baU 05" OX" OX

Do Do 5o D5k M (1.28)
OXHoX"Y oo
:__/ 2 / __ h(lba " a bn/»“” J det (agﬁ>‘

=S

The other one is Weyl invariance:

hB(a) — hoP = 2B (q) (1.29)
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~ T 73
S=-3 / AoV —hh* 9, X" 95 X Ny,

T
— _§/d0'2 /_€2¢h6¢hocﬂaaXuaﬁXunum (1.30)
= 6.

The Weyl invariance can be thought as the invariance of the theory under a local
change of scale which preserves the angles.

1.1.4 Equations of Motion and Mode Expansion

Now, let’s use the condition 65 = 0 to find the equations of motion for the fields
X* and hP:

55 = 86Sx + 05,
65x = —T / oV =hhP0,(6X") 05 X" 1y, (1.31)

=7 / 020, (V—hh*P 85X, )0 X",

where we have used integration by parts and boundary conditions on the variation
§X* to suppress the term v —hh*?95X"n,,0X"|pc. = 0 in the term §Sx. On the
other hand, the variation 9.5, is such that

69y = —g / do?5(V/=h)h*P 0 X0 X 1y, + V—=hSh*? 00 X 05 Xy,
s (1:32)
Sh = hTr(h*6hag) = hh*P6hgs = —hhasdh®,  6(V—h) = ————.
r( 8) 8 8 (V=h) N

T ha
dS, = —3 /dUZ\/—h(Shaﬁ(@aX“agX”nw - TBhv‘s@VX“&;X”nW) (1.33)
From the variations (1.31) and (1.33) the equation of motion can be obtained:

0 (V=RE0,X0) =0, (1.34)

1
On X 05 X" 1y — ihaﬂméav)(#aax”nw = 0. (1.35)

At this point, we can see the classical equivalence between the Nambu-Goto and
Polyakov actions by consider the determinant and the square root of the equation
of motion (1.35):

1
V- det(0, 10, X7n,,) = S VR0, X0, X (1.36)

Therefore, we have that

S=-T / daz\/—det(aaXﬂ(?BX”nW) _ L / do®/—hh°0, X" 0; X" n,, (1.37)

2

In order to simplify the equations of motion (1.34) and (1.35), the world-sheet
metric h,p can be set to be proportional to the two-dimensional Minkowski metric
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Nap, Which defines distances as —ds* = —d7r? + do?, as can be seen in the appendix
B. Therefore, the equations (1.34) and (1.35) translate to

Da (x/—hhaﬂaﬂxﬂ = 0,05 X" = X1 — XM = (1.38)

1
Top = Ou X 05X "1 — éha5h7587X“85X”nuy =0,

. _ (1.39)
Top = 0aX - 05X — 5W(—X2 + X% =0,

where T, 3 can be identified as the energy-momentum tensor. For a = 8 = 0 and
a =0, =1, the equation (1.39) splits out in two constrain equations:

X244 X% =0, XX =0 (1.40)

Other combinations of «, 8 give the same equations (1.40). With these equations,
we recover the classical results (1.16),(1.18) and (1.20) from the Nambu-Goto action.

Closed String
The general solution of the wave equation, and the periodicity condition gives
XH(r,0) = X[(7 4 0) + XR(r — 0) = X[ (u) + Xi(v),

X u 4 27) — Xt u) = X1(v) — X(v — 2n) (1.41)

As a consequence of (1.41), we find that both X*, (u) and X*,(v) are strictly
periodic functions with period 27. Therefore,

1 o o at .
X[,L —— 2 — - n __—inu
) 2:UL—|—\/—2 a0u+2\/—2 E e

"0 (1.42)
1 o . o ag —inv
Xﬁ(v):§x‘é+\/§aou+”/§zge :
n#0

A set of barred o modes was introduced for the expansion of X7 (u). Even though
they are written identically, the unbarred o modes used in the expansion of X%(v)
have no relation to the open string modes. In closed string theory we need two sets
of @ modes, barred and unbarred since the left- and right-moving components are
completely independent. Then, the full expansion of X* in arbitrary Fourier modes
ab ar is given by

/ 1 . .
XH(1,0) = 2" + V2 a7 4 i/ % E — [aﬁe""(ﬂ”’) + Ofn”e_m(T_")] . (1.43)
n
n#0

where z# = (2 + 2'5)/2, and the constants have been chosen for later convenience.
We can identify ¢#(0) = z* as the ’center of mass position’ of the string at 7 = 0:

1 2
q"' (1) —/0 doX# =zt + V2o afT. (1.44)

:27T
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In addition, the zero Fourier mode o can be related with the total momentum p#
of the string in the following way

2m 2m
1 — /2
H: d P’U': 2 / M: -_— H. 145
P /o 7 27?04’/0 @ 0/% ( )

The requirement that X#(7,0) be a real function implies that z* and p* are real
and

ot = ()", at, = (ak)*. (1.46)

In order to find the Poisson brackets of the Fourier modes defined in the expansion
(1.43), we need to note that the string coordinates X* and the momentum density
Pt are phase-space variables which satisfy the following Poisson brackets [11]

{XM(J7 7—)’ XV(J/’ T)} = {,PM((L T)7PV(0177)} =0,
{X"(o,7),P"(c’,7)} = n"d(0 — o). (1.47)

Using the Poisson brackets (1.47), we can derive the brackets for the Fourier modes
(1.46), and we obtain
ab cart ={ah ot = —imoy,nn"’.
{ag,.ant =0
The constraint equations (1.40) can be written in terms of the oscillator modes (1.48)
by introducing the so called Virasoro constraints £,,, £, in the conformal gauge at
7 =0, thus

2m ) T T
L, = T/ doT__em=2) T = % - %
T (1.49)
LYl =0,
meZ
B 2 ) T T
»Cn = / dO-T++eln(T+U)7 T++ - % + %
- (1.50)
=5 2 Ol T =0
2 meZ
which satisfies the following Poisson brackets
{L, L} = —i(n—m)Lp1m,
{L,, L} = —i(n —m)Lpim, (1.51)

{L,, L.} =0.

Open String
For Neumann boundary conditions, the general solution of the wave equation is
given by [24]

1 )
XH(r,0) = a" + V2aahT + V2! E —ale™ cos(no). (1.52)
n
n#0
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As in the case of the closed string, x* and p* are the center of mass position and
total space-time momentum of the open string, and the zero mode is aff = v/2a/p".
The corresponding Poisson bracket for the oscillator modes are

{afnu Oé;/;,} = _im(sm—l-nn‘uy (153)
Furthermore, the generator £, of the Virasoro algebra satisfies the following bracket
{Ln, Lo} = —i(m —n)Lp1n (1.54)

where,

Ln _ T/ dO_[T++ein(T+U) + T__ein(T—U)]’
° (1.55)

1.2 Quantum Description

This section examines the light-cone and covariant quantization of the bosonic string
theory. Light-cone quantization involves selecting a preferred frame by fixing two
components of the string’s spacetime coordinates, which reduces the constraint equa-
tions and physical degrees of freedom. This method simplifies the quantization pro-
cess by eliminating non-physical modes, enabling direct construction of the physical
spectrum. In contrast, covariant quantization maintains manifest Lorentz invariance
throughout, allowing the treatment of all spacetime coordinates equivalently. Here,
the Virasoro constraints emerge to restrict the Hilbert space to physical states.

1.2.1 Light Cone Quantization

It is possible to choose a gauge in which the constraints equations can be solved
explicitly and the theory can be formulated in terms of physical degrees of free-
dom only, and then quantize the theory via canonical quantization. In order to do
so, let’s consider light cone coordinates v20= = 7 + ¢ under a reparametrization
transformation:

+ 5t = -
oot =), (1.56)
o —a =g(o7)
Therefore, the quadratic line element ds? = —d7? + do? = —2do"do~ transform as
follows
ds® — d3* = —2d6Td6™ = —20, f(6")0_g(07)doTdo™ (1.57)

The factor —20, f(c+)0_g(c~) can be drop out using the exponential factor e?(*7)
from Weyl symmetry. So, we preserve ds? by applying reparametrization and Weyl
invariance. Now, let’s consider the following transformation

O'+—|—O'_=\/§T—)5'++5'_=\/§7~',

1 1

. N s 3 _i i B (1.58)
=7 = 10" + T50(0) = 25/ (7 +0) + —sglr — o)
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If we identify the relation (1.58) with the general solution of the wave equation, then
we can relate the coordinates X°, X! with 7 and X*. That is,

1 1
Xt = —Xo—i-—Xl) X T light cone gauge 1.59
(\/5 7 (lig gauge) (1.59)
Hence,

X =Bap'r, (1.60)

where 8 = 2 for open strings and 8 = 1 for closed strings. Since we know X and
X~ from the light cone gauge and the constraint equations, then the independent
degrees of freedom are the scalar fields X! where I = 2, 3...25.

For the independent fields X7, we apply the canonical quantization by promot-
ing the Poisson brackets from the classical theory to commutators in the quantum
regimen:

Coobrnogl L (1.61)

Using the expression (1.47), we obtain the following commutators
(X' (1,0),P!(1,0")] = id(c — )0,

[XI(’T, U),XJ<7‘, J,)] _ [731(7_’ 0_)77}](7_7 0/)] —0 (1.62)

From the commutators (1.62), we can derive the commutators for the oscillator
modes to obtain
[

[a! al] =mn"'6,n, (Open string).

V= mpsnn’, o, 0i] =m0 o, (a5, 0;] =0, (Closed string)

(1.63)

We can define the operators a! = al\/n and o!, = all\/n for n > 1. Using the

operators al, and @/ into the commutators (1.63), then the operators (a! ,a’T) sat-
isfy the commutation relations of the canonical annihilation and creation operators
of a quantum simple harmonic oscillator. There is a pair of creation and annihila-
tion operators for each value m > 1 of the mode number and for each transverse
light-cone direction I. The same applies for the bar operators. With these creation-
annihilation operators, we introduce the ground states or vacuum states |0,p) in
the bosonic string theory. Thus, by definition, they are annihilated by all the o

operators:
ol 0,p) =0, a’lo,p)=0 n>1, (Closed string)

1.64
al]0,p) =0, n>1 (Open string). (1.64)

To create states from the vacuum state, we can act on them with creation op-
erators. All the creation operators commute among each other, so the order is
irrelevant. To generate all the basis states |A) we must act on the ground states
with the same amount of creation operators ol and a/T. Any basis state |\) can
be written as [24]

A A) = [H H(a{ij] X [H H(@;{j)*w] 0,p), (Closed string)

n=11=2

. (1.65)
A =[] I 10,p), (Open string).
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Each state |\) of the quantum string represents a one-particle state of fixed mo-
mentum. Different oscillation modes of unique type of string correspond to different
kinds of particles [14].

Because of ordering ambiguities in creation-annihilation operators, the classical
Virasoro algebra needs to be modified. The quantum Virasoro algebra takes into
account these ambiguities by indroducing a constant D (dimension), so that the
algebra is [9] :

Open String

(Lo, Ln] = (M —n)Loppin + %m(m2 — 1)dmin (1.66)
Closed string

Lo L] = (=) Ly + o Zmlm® = 1)

Lons 0] = (= )+ 2l = D (1.67)

(L, L] = 0.

Finally, the procedure of light-cone quantization allows to solve the Virasoro
constraints explicitly, but at the price of losing manifest Lorentz invariance. To
check the Lorentz symmetry, the generators must obey the commutation rules of
the Lorentz algebra. In order to ensure this invariance, the number of dimensions
must be D =25+ 1 [11].

1.2.2 Covariant Quantization

In the covariant quantization, we treat all string coordinates X*(7,0) on the same
footing to mantain the Lorentz invariance. So, we replace the Poisson brackets of
the fundamental phase space variables by commutators for every coordinates:

(X" (o,7), X" (0", 7)] = [P*(0,7),P"(c',7)] =0,

[ XH*(a,7),P"(c',7)] = in* (0 — o) (1.68)

Using (1.68), the commutation relations for the oscillator modes can be found:

[ah, ar] = mépnn™,  [ahy, )] = M0 6pqn, [ah,,ay] =0, (Closed string)
[af,; ap] = mn" 61,  (Open string).
(1.69)

As in the light cone quantization, we introduce the vacuum states for the covariant
approach

ak10,p) =0, ak|0,p) =0, (Closed string)

1.70
ak10,p) =0, (Open string). (1.70)

Furthermore, the whole Hilbert space of states is obtained by acting on the ground
state with creation operators. However, there exist states with negative norm or
“ghosts” such as (0, p|al al0,p) = —m < 0. They do not allow for probability
interpretation of the corresponding physical system [9].
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In order to define the subspace of physical states in the original Hilbert space,
it is necessary to impose some constraints. We promote the classical constraints
L., = L,, = 0 to operators in the quantum regime. They are quadratic in oscillators
and might involve operators which do not commute with each other. From all £,
constraints, Lo, Lo are the only one which suffer ordering ambiguity [11].

We can see that not all the quantum constraints £,,, £,can be imposed on the
states. That is, if we try to impose the following constrains

L,[0y=0=L,[¢), Vn €Z (Closed string)

1.71
L,|Y)y=0, Vn €Z (Open string) (1.71)
then, for example for the case of the open string
D
(I[Lns Lonllv) = (W[2nLofth) + T5n(n” — 1) (W) . (1.72)

This is not possible to satisfy unless [¢)) = 0.This confirms that we cannot impose
all the Virasoro conditions and expect to find nontrivial states. From the experience
with quantum electrodynamics we impose only half of the constraints on physical
states [9]:

Closed string

Ly ) =L |¢) =0, n =1,

(Lo—a)l¥) =0,  (Lo—a)|v) =0. (1.73)

Open String

(Lo a)|¢) =0, (1.74)

where the constants a,a are required to take into account the ambiguity ordering
in the zero Virasoro constraint. For space-time dimension D < 26, the states [¢))
which satisfy the relations (1.73) and (1.74) have positive norm (no-ghost theorem)
24

Furthermore, the quantum Virasoro constraints £,,, £,, are the generators of the
quantum Virasoro algebra. Using the commutation relations of creation-annihilation
operators (1.69), and the normal ordering constants a, a for the zero mode, then the
Virasoro constrains satisfy the following commutation relations [24]

Open String

D
(Lo, L] = (M —n)Lyin + Em(m2 — Ddman (1.75)

Closed string

D
['Cm’ ’C"] - (m - n)£m+n + Em(mz - 1)5m+n>
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1.2.3 Boundary States

The two-dimensional action for a free boson X*(7,0) was given in (1.22). In the
conformal gauge h®? = n®® this action takes the following form

T T .
S = -5 / BPon™ 0, X" 05X, = ) / d*o(X? — X"?) (1.77)
Varying with respect to X* such that . X* () = 6 X*(75) = 0 we obtain

§S =T / PodXH(02 - 02X, — T / dr X, 6 X*|7=5 (1.78)

T1

Because we impose a periodicity condition, the surface term is absent from the closed
string . For an open string, the vanishing of the boundary term is achieved when
we impose either Dirichlet or Neumann boundary. These conditions were described
in (1.10) and (1.11). In the conformal gauge, they translate to

O X"|o—0x =0, (Neumann b.c.)

1.79
Xm0 =0 (Dirichlet b.c.). (1.79)

In particular, it is possible to express the Neumann boundary condition for the field
X(0,7) in terms of Laurent modes j(z) =Y, ., 2" 'j, with z = exp(7 + io) [10].

0X =i(0—0)X =j(2) =j(2) =D (a2 """ =Juz ™) (1.80)

In this way, the Neumann boundary condition is given by

aUX|U:0 _ Zjne—n(7+i0) . 5n6—n(7—i0) _ 07

neL

= Z(]n - jn)eim = 0.

neZ

(1.81)

Since for generic 7 the summands above are linearly independent, for all integers n
these two equations are solved by

Jn = Jn = 0. (1.82)

As illustrated in Figure 1.1, by interchanging 7 and o, we can reinterpret the
cylinder partition function of the boundary conformal field theory (BCFT) on one
side as a tree-level amplitude of the underlying conformal field theory (CFT) on the
other side. This reinterpretation highlights the open/closed string duality, where
the tree-level amplitude describes the emission of a closed string from boundary A,
its propagation, and its absorption at boundary B. In this context, a boundary can
be interpreted as an object, which couples to closed strings [10]. The relation above
then reads

(7—7 U)clased <~ (07 7—)(open) (183)

With this equivalence relation between open and closed strings, the Neumann
boundary condition can be expressed in terms of the fields from the closed string.
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Figure 1.3: Closed/open string duality

Then, the Neumann boundary condition is introduced as a constraint which is sat-
isfied by the so called boundary states |By) in the following way:

a7—)(closeal|7—=0 |BN> = 0. (184)

In terms of the Laurent modes, the boundary states are such that

i0; Xetosed |BN) = Y _(Jne™™ + jne™) [Bx) =0,  7=0 (1.85)
neL
(jn +J-n)|By) =0,  Vnez (1.86)

The equation (1.86) is satisfied by the solution [10]

1 <1 -
|By) = 7 &P (— kz:; Ej_kj_k> 0), (1.87)

where A is a normalization constant to be fixed.



Chapter 2

The Superstring

The bosonic string theory discussed in the previous chapter is unsatisfactory because
it does not contain fermions. Superstring formalism provides a framework for incor-
porating fermionic degrees of freedom into string theory, extending the bosonic string
model to a supersymmetric context. In the present chapter, we explore this approach
that formulates superstrings in 10-dimensional spacetime, where both bosonic and
fermionic coordinates coexist on the worldsheet. The theory introduces two sectors,
the Ramond and Neveu-Schwarz sectors, which correspond to periodic and antiperi-
odic boundary conditions on the fermionic coordinates, respectively. Subsequently,
the quantization process involves imposing worldsheet supersymmetry constraints
and constructing the quantum state space.

2.1 Classical Description

As was discussed in the previous chapter, the Polyakov action (1.22) is invariant
under Weyl and diffeomorphism transformations, so that we can map the worldsheet
metric hqp to the flat metric 7,5. In this conformal gauge, the action takes the
following expression:

S = —z/dJQaaX-aaX. (2.1)
2 Js

The action (2.1) describes a free field theory in two dimensions. To generalize this
action, we introduce additional internal degrees of freedom describing fermions on
the world sheet. The desired action is obtained by introducing the standard Dirac
action for two-dimensional Majorana spinor which also has space-time vector index
pw=1,2, ... D]I8:

SIX ) = — /Z do® (0,X - 07X — - p°0u1) (2.2)

Here, ¥* is a spinor on the two-dimensional world sheet but transform as a vector
under spacetime Lorentz transformations from SO(D—1,1). They are the fermionic

counterpart of the scalar X#. The spinors are two Majorana components denoted
by

(s T T 0
Pt = <¢£) ) Y =ip (2.3)

28
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Furthermore, p represents the two-dimensional Dirac matrices which obey the Clif-
ford algebra:

{*, 0"} = 207, (2.4)

where p° and p' are conventionally chosen as

() ()

2.1.1 Boundary Conditions and Mode Expansions

The equations of motion for the action (2.2) can be obtained from the variation
0S5 = 0. Since the equations of motion for the fields X* were founded in the previous
chapter, we will only focus on the variation of the fields ¢* . Let us consider the
variation of the fermionic part Sg in light-cone coordinates.

Sp= [ drti- 0w = [ dow-0eu + v00), (2.6)

55y = / d0™ (B Dtp_ + 0480 + b0 ths + 11000 ),

~ [ do*ov-0.0- +0.(w-00-) 00t + 00,00, BT

+ 0_(Y4091) — 0_11.094],

555 — / d02[0, (- 6_) + O_ (11 64) — 20416616 — 200,50, =0 (2.8)

The equations of motion are obtained from the last two terms in (2.8). They are
given by,
Gt =0, Oyl =0, (2.9)

which implies that 9" = ¢" (7 — o) is a right-moving spinor component while ¢} =
Y (T +0) is a left-moving spinor component. The vanishing of the remaining terms
in (2.8) is determined by the application of boundary conditions. In order to find
the conditions, let us expand the surface terms from (2.8)

/d02 (04 (Y_d2p_) + O_ (Y d1py )],

1 Tf o1

5 [ ar [T dol@n v o w-su) + 0. - awsvn)l a0
T 0

1 [ -
— 5 [t v~y
The fields ¢ and 9" appear quadratically in the action (2.2). Then, the signs of
Y and " can be changed without physical consequence. This arbitrariness is used
conventionally to demand in (2.10) the following condition at the endpoint o = 0

26]:

(0, 7) =+ (0,7) = (T, 0) = +0¢t (7, 0) (2.11)
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The other boundary condition needs to be imposed according to the different con-
figurations of the string. For an open string, the endpoint is o7 = 7 and since we
cannot change the sign of ¢/ and ¥" without changing the condition (2.11), the
choice of the sign at the endpoint oy is physically relevant. Then, we have to impose
two different cases given by

P (r,m) =Pt () = i (r,m) = 2oy (1, ™) (2.12)

In this way, the conditions (2.11) and (2.12) vanish the terms shown in (2.10). For
the closed string, we must impose periodic boundary conditions, and also we need
to demand two different cases such that

Y (r, 04 2m) = £ (1,0) = oYl (r,0) = £ (1,0 + 27), (2.13)

(1,0 +27) = 2t (1,0) = (1, 0) = £0YH (1,0 + 27). '
The vanishing of the terms (2.10) in the case of the closed string is consequently
expressed by the conditions (2.11) and (2.13).

We have seen that for the open string, there are two different ways to impose
the boundary conditions. It means that the full superstring theory state space
breaks into two subspaces: a Ramond (R) sector which contains the states that
arise using the top choice of sign, and a Neveu—-Schwarz (NS) sector which contains
the states that arise using the lower choice of sign. However, for the closed string, the
conditions for the two spinor components 1, and @_ can be chosen independently
and satisfy 0S = 0, leading to a total of four possibilities: (R,R), (NS,NS), (NS,R)
and (R,NS) [9].

-Ramond sector
With Ramond boundary conditions applied to the closed string, the field 14 exhibits
periodicity and can be expanded in terms of integrally moded oscillators.

(o) = V2 ) die (2.14)

neL

Yh(oh) =V2a/ Y dhem (2.15)
nez
-Neveu-Schwarz sector
In the case of the closed string, since the Neveu—Schwarz fermion v is a function
of o= = 7 — ¢ and changes sign when ¢ — ¢ + 27, it must be expanded with
fractionally moded exponentials:

Yom) =V2a' > brer (2.16)

reZ+1/2

o) =v2d Y e (2.17)

reZ+1/2

For the open string, the mode expansions for the fermionic fields in the R and NS
sectors are given by only one copy of the closed string mode expansions. That is,
(2.14) and (2.16) describe de mode expansions for the R and NS sectors for the open
string, respectively.



31

2.1.2 Symmetries and Constrain Equations

Let us now consider the conserved currents associated with the global symmetries of
the action (2.2). The first one is the energy-momentum tensor 7,5 associated with
the translation symmetry. The second one is the supercurrent J associated with
the global world-sheet supersymmetry.

We begin by examining the traslation symmetry. Here, we consider the infinites-
imal traslation of world-sheet coordinates 6% = o® + a®. Then, the fields X*(7,0)
and *(,0) varies as

XM = —a®0, X",

S0 — —a G (2.18)

T _ _

55— L / do? [20° XP 00 (5X,,) + 00 Oathy + p0a(00,)] |
= ——/dU 8aX“3a(CL’BagXu) + aﬁ@a@upaaﬁiﬂ“ - @Mpaaa(aﬁaﬂwu)} )
-7 /da P00 X - X + - p°0ut),

=T / do?0s T,
(2.19)

where we have identified
a —
Ts = 5 (0aX - 0°X 1 p°0u0). (2.20)
We calculate the energy-momentum tensor using (2.20), and the Noether current
method.
oL oL
Top = =0 X"+ ———0 ,
o = garxn ™ T prn ™ T

= 05X,a%0, X" + -wﬂpﬁaa b — %(a X 09X + - pOa),

= a0, X" 05X, + (w“pﬂﬁa% + PaOsty.)

a® - a _
+ I(?/J“pﬁaa% — *paOpty) — 7%5(&)( X+ - p0Y),

1- . .
= a%(0a X" 05X, + 0 Doyt — 20, X - X + - p0,0)

(2.21)

1_
— 10 el

In (2.21) we have adopted the notation (-, -) for symmetrizing indices, and [-, -]
for antisymmetrizing indices. The energy-momentum tensor must be symmetric for
indices «, 3, thus we drop the antisymmetric part. Therefore,

1- o -
Top = 0aX"05X,, + Zw“p(aag)wu - HTB@X CX + - p0). (2.22)

Since Typ is symmetric and traceless, it has only two independent components. In
light cone coordinates, the energy-momentum tensor can be written as [24]
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T =T ,=0,X-0X+ i&“(ﬂnta— +p- 04 )Y,
- %[277+_3+X CO_X + TR (pr0- + p_00 )],
= 0LX X 4 0 (i + 0., (2.23)
0L 0K — (10 + -0,
= —i@“(ma +p-01)Y, =0

As shown in (2.23), the components Ty = T_, = 0 automatically vanish due to
the equations of motion. The only two independent components are 7',y and T _:

T++ — 8+X . 8+X + Z%¢+ . a+¢+7 T__ — 8_X . 3_X + Z%l/}_ . 8_¢_ (224)

We continue with the super-symmetry. This symmetry ensures that the number
of bosonic and fermionic degrees of freedom are the same at any mass level. The
infinitesimal super-symmetry transformation is given by

SXM = e,

2.25
Ot = peda X", (2.25)

where € = (e_, €, ) is a constant infinitesimal Majorana spinor that consists of anti-
commuting Grassman numbers. The variation of the action is thus

5S = _g / d20(20% X" 0 (€10) — Oa¥ p* 01y, + F 0001y,

= —g /d02[28a15“8‘”XM6 — (%Qﬁ“po‘pﬂﬁgXue + @E“papﬁaac‘)ﬁXﬂe],
_ _g / 0> [20,00° Xy + 20 % 0°0n05 X e — DuibF PO X e (2:20)
— " "0 0005 X e
— g [ A0, e,
From the last expression in (2.26), we identify J* as
T = — e X, + %@Wﬂap €0 X, (2:27)

We calculate the super-current using (2.27), and the Noether current method.

oL e
. »
= 5exn X T s’

1- _ 1_
= — 0 XX = S+ X, — SO DX,
= — ' p*pleds X, = —ep”p* Y95 X,

wu - jav
(2.28)
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Therefore, the super-current is given by
J = —p p 9 X,,. (2.29)

Since pop’p® = 0, then p,J* = 0. From this constraint, we see that there are
only two independent components of the super current (2.29) [8]. The independent
components can be written in light coordinates as follows

Ji = —p p s X,
= —p p "0y X, — pT o X,
= 2(p_p "0 X, + p*HI_X,),
=2p_p¢ - 04 X, (2.30)

=20 H) () o
- (1/4 -06+X) - (—34)
() e

The requirement of super-conformal symmetry lead to stronger constraints. That
is, the vanishing of the energy-momentum tensor and supercurrent [8]:

Ty =T =0, J+=J-=0. (2.32)

We can now expressing, in the (NS,NS) sector, the constrain equations (2.32) in
terms of the oscillator modes from (2.14) and (2.16) by introducing the so called
super Virasoro constrains for the closed string £,,~L,, Q,, 9, and L,, Q, for the
open string [24]:

Closed string

27 27
L,=T / doT, e™, L,=T / doT__e ™ (2.33)
0 0
T 27 ) B T 2 )
9, = —/ doe"j, ., 9, = —/ doe ™7 j__ 2.34
\/5 . J++ \/§ ; J ( )

In terms of oscillators, the constrains (2.34) become

»anézan-‘rm'a—m'f'% Z <T+g>b—r'bn+7“:07

mez reZ+1/2
- 1 ~ B 1 n\ - _
Enzﬁzan—&-m'a—m"i_é Z <r+§>b—r'bn+7“:0>

meZ rezZ+1/2 (235)
Q, = Zam'br—mzoy

meZ

Qrzz@m'grfmzo-

meZ

Open string

L,=T / do(e™ T, +e " T__), Q, =— / do(e" 5, +e "5_) (2.36)
0 0
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In terms of oscillators, the Virasoro constrains (2.36) become

1 1
N [
mez reZ+1/2 (2.37)
Qr: Zam'br—mzo'

meZ

Now, let us find the brackets for the fermionic oscillator modes b, b from the

rYrYSs

mode expansions (2.35). We need first the brackets for the fields ¢%. However, since
the canonical momentum of ¢ is (i/4ma’)yly, these constraints are second class,
meaning that if we compute their Poisson bracket the right-hand side is not another
constraint. Therefore, we must follow the procedure due to Dirac and replace the
Poisson brackets by Dirac brackets, which is defined as[9]

{A,B}ps ={A,Btrp. — {4, ¢i}P.B.C;1{¢j, B}pg, (2.38)
J
where ¢; is a second class constrain and C;; = {¢;, ¢;} p.p..This leads to
{¢i(7—7 0)7 1/}:1(7-7 OJ)}D.B. — _Z'UMVQTFO./Cs(O' — O'/),
{wi (Tv 0)7 ¢Z (Ta OJ)}D.B. = 0.
In terms of the oscillators, the brackets (2.39) translate into the relations [9]
{bgv bZ}D.B. — _inuyar+sa {Bﬁy BZ}D,B. - —Z.HMV(ST+S, {Bﬁ, bZ}D.B. = O (240)

It is now possible to compute the classic super Virasoro algebra of the constraints
in the (NS,NS) sector[9]

(2.39)

{‘Cnv Em}D.B. = —Z(’I’L - m)£n+ma {‘Cna QT’}D.B. = —1 <g - r) Qn—l—r

(2.41)
{Qra QS}D.B. = _2i£r+s
{Ena Zm}D.B. - —Z(TL - m)zn—&—mu {/jna Q’I’}D.B. = —1 <g - 7”) Qn—l—r

(2.42)

{QTv QS}D.B. = _ZinJrs

For the present work, we have only shown the necessary results for the description
of the (NS,NS) sector. this thesis project.

2.2 Quantum Description

This section explores the covariant quantization of superstring theory in the RNS
formalism, a method that maintains both Lorentz invariance and worldsheet su-
persymmetry while accommodating the fermionic and bosonic degrees of freedom
fundamental to superstring dynamics. The section begins by applying the canonical
quantization to the boson and fermionic fields. The subsequent analysis is divided
into open strings and closed strings, where distinct boundary conditions lead to dif-
ferent classes of states. The quantization process ends by imposing the constraints
from the quantum super-Virasoro algebra, essential for enforcing physical state con-
ditions.
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2.2.1 Covariant Quantization

We proceed in the same way as in the bosonic string. That is, we treat all string
fields X*#(7, o) and ¥ (7, o) on the same footing to mantain the Lorentz invariance.
We make the transition from classical mechanics to quantum mechanics replacing
the classical brackets by the commutator and anti-commutator:

{, }PB—>%[ ;] {. }DB_>%{ .+ (2.43)
[XM(O-7 7_)7 PV(OJ’ 7_)] - iU“V5(U - Ul)a
{h(r,0), ¢ (1,0")} = 2ma/n* (0 — o'),
(W (7, 0), 0 (7, 0')} = 2w/ §(0 — o), (244)
{Vh(r,0), 4" (1,0")} =

From (2.44), the commutation and anti-commutation relations for the oscillator
modes in the NS sector are obtained. For the different string configurations, the
resulting expressions take the form of

Closed string (NS,NS)

[ak ar] =[ak, ar] = moyann™, n,m €7 (2.45)
{br, 00} = {bl, 05} = 6,0, rs€Z—+1/2. '

Open string (NS)

[ak ¥ = mbpyan™, mn,m€EZ

" 2.46
{08, 07} = 0,450, r,s €Z+1/2. (2.46)
In addition, the reality condition on X* and * implies that o*f = o, and

bit = b",. We again see that we can split oscillators into creation and annihila-
tion operators according to the sign of their n,r index. Oscillators with n,r > 0 are
annihilation operators, and oscillators with n,r < 0 are creation operators.

With the commutation and the anti-commutation rules (2.45), (2.46), the oscil-
lator expansions in (2.35), (2.37) can be normal ordered in the quantum regime. As
in the bosonic string case, the only generator that has a normal ambiguity is Lo,
so there exist a normal ordering constants for this case. The quantum oscillator
expansions or super Virasoro constraints £n,£n, 9, Q, are the generators of the
super Virasoro algebra, and satisfy the following relations in the NS sector [11]

Closed string (NS,NS)

(L, L] = (n—m)Lopyn + §5m+n(n3 —n),
[*Cna L m) = (n m) +n T gfsm—f—N(nS —n),
[*Cna Qr = ( T) n—+r;

£0,Q) = (5 =7) Quer.

D 1
{QT7 Qs} = 2£r+5 + 5 (TQ - _) 5T’+57

(2.47)

4

-~ = - D 1
{Qr, Qs} - 2£r+s + 5 (7’2 - Z) 6r+s
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Open string (NS)

D
(Lo, L] = (n—m)Lppin + gémm(n?’ —n),

(L, Q] = (g - r) (O (2.48)
D 1
{Qru Qs} = 2£r+s + 5 <7’2 - Z) 57"+s

Let us now examine the states in the Hilbert space of the theory in the NS sector.
The oscillator ground state or vacuum in this sector is defined by
Closed string (NS,NS)

_ 13
ak 10, k") =ab |0,k") = b [0, k") =0, k") =0, m=12,..., r= 309
(2.49)
Open string (NS)
13
ozﬁl\(),k@ :bff|0,k"u> :0, m = 1,2,..., r = 5,5,... (250)

The general state basis |A) in this Hilbert space is built up of oscillators acting on

the vacuum [26].
Closed String (NS,NS)

[T | | T || T T || T TT6 | 0

n=1pu=0 m=1v=0 r=1/2 a=0 s=1/2 =0

A) =

(2.51)
Open String (NS)

A) =

HH<@Z*>“’1 IT TTeh =] 10,k). (2.52)

n=1 pu=0 r=1/2 a=0

The next step in the quantization procedure is to give the physical state con-
ditions. As in the bosonic case, we impose only half of the constraints on physical
states |®) [24].

Closed string (NS,NS)
Q,|®) =0, Q,|®)=0 r>1/2,
L,|®) =0, L,|®) =0 n>1, (2.53)
(Lo—a)|®) =0, (Lo—a)|®)=0
Open string (NS)
Q,|0) =0, r>1/2
L,|®)=0, n>1, (2.54)
(Lo—a)|®) =0, (Lo—a)|®)=0

where the constants a, a are required to take into account the ambiguity ordering
in the zero Virasoro constraint.
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In the case of the open string the (NS) sector contains bosonic states, and the
Ramond (R) sector contains fermionic states. For the closed string, the (NS,NS) and
(R,R) sectors give bosons states, while the (R,NS) and (NS,R) sectors give fermions
states [8]. These physical states are consistent in a ten dimensional space-time. For
the space-time dimension D < 10 the states |®) which satisfy the relations (2.53)
and (2.54) have positive norm (no-ghost theorem).



Chapter 3

The Tensionless Bosonic String

In chapter 1 we studied the bosonic string with tension 7" # 0. In this chapter,
we will explore the zero tension limit, in the classical and quantum regime , of the
bosonic string theory. We closely follow [15, 2, 5, 3, 1]. We start from the Hamilto-
nian with Lagrange multipliers to find the bosonic tensionless string action, and we
will describe its symmetries. From the tensionless action, the classical equations of
restriction are obtained, which are promoted to operators in the quantum descrip-
tion to filter out the physical states. Then, we will define the vacuum state for the
tensionless closed string. Finally, through a Bogoliubov transformation, we link the
tensionless vacuum to the usual tensile vacuum, and we will see that it behaves as
an open string vacuum in the ultra relativistic limit.

3.1 Classical Description

3.1.1 Tensionless Action

We want to find an action in the tensionless limit. If we try to take the limit 7" — 0
in the Nambu-Goto action, because of the square root, derivative terms, and the
tensile dependence in the string coordinates X*(1,0;T), it would lead to very long
calculations. A better approach to find such tensionless action is to propose an
equivalent action in which the tension T is explicitly written in a different way.

Let’s consider the formalism for obtaining the equations of motion from the ex-
tended Hamilton’s action principle. That is, for a system with m constrain equations
®m(q,p) = 0, the action for such system can be written as [13]

S_/ﬁL_/ﬁM%Wdﬂ—M%M, (3.1)

where u™(q,p) are Lagrange multipliers, and the equations of motion are given
through arbitrary variations d¢", dp,,, du,, of the action.

W _OH. | 00, . _ OH. 00,
T op, op.’ T g g’

b = 0. (3.2)

In this way, the constrain equations of the Nambu-Goto action can be used to find
an equivalent action. It is known that there are only two equations of restriction for

38
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this action (1.14):

¢1 — 7)2 +T2<X/)2 — O,

3.3

¢y =P.X' =0. (3:3)
In addition, the canonical Hamiltonian is such that
/=2

He=X'"P, — Lng = —TQ +Tv—y=0, (3.4)

V=

as expected for a diffeomorphism invariant theory. '
On the other hand, the momentum P* can be written in terms of X* using one
of the relations in (3.2). That is,

. ch a¢m a¢1 a(b? /
Xr = mO0m _ — 2APH 4 X 35
op, T ap, = Yop, TP, =TT (3:5)
1 .
B (XH_ pX'H .
= pr = L (3.9)

Then, following [15] we rewrite the Nambu-Goto action in terms of Xr X

S = /dea (X“PM —He— Ap1 — P¢2) ,

1 1. -
- — [(X)? 4+ p2(X")? = 2pX - X' — AN>T?(X')?
2/d7d02)\[()+ﬂ( ) P AT )]’ (3.7)
T —
= —§/d7'd0' —hhaﬁaaX#aﬂXyn,uw
= S[X*, h*F).

The previous action shows that if h*? is defined as (3.8), then S can be identified
with the Polyakov action [3]. This is an important result since now we can use
all the symmetries related to this known action to fix the values of the Lagrange
multipliers A and p. The relationship between the worldsheet metric tensor h*® and
the Lagrange multipliers is given by:
~1 1
afs — 1Y — —

In the tensionless limit 7" — 0, the action (3.7) and Tv/—hh*? take the following

form

S— % / deU% [0 + (X1 — 20X - X (3.9)

1 /-1
TV=hh = ( , _pr) . (3.10)

The previous expressions motivate the introduction of a Lorentz vector V = 1/v/2X(1, p)
to rewrite the bosonic tensionless action (3.9) as in [15]

S[IXH, V] = / drdoV VPO, X 05 X" 1. (3.11)
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This new action is invariant under Poincare and diffeomorphism transformations|15].
Here, we will show explicitly the second symmetry. In order to mantain the diffeo-
morphism invariance, V* must behave as a vector density (weighted tensor) under
a reparametrization. That is,

o Loof), 7o = ldet (2 o 09" 6 (5¢) (3.12)
o o%(a”), = 907 957 o .
ot = g9 ey 1297 gy g Z der (22
05 1o oad oo (3.13)

doP Do
ot Oaa

= V) o

S = / drdoV(&)VP(5)0u, X" (5)0s X" (5) 1w,

AP do™
oab doa

/drdaJ Waem)Vh(6) ==
/ d7dsV(5)V7(5)04 XH 05X Ny,
S

=0, X" 05 X", (3.14)

then, the action is invariant under diffeomorphism transformations.

3.1.2 Equations of Motion and Mode Expansions

The analysis of bosonic tensionless string theory is extended in [3] following [15].
Specifically, the analysis of the equations of motion, its mode expansion and con-
straints are covered. We show here some of the results from [3] with more detail.
Let’s start with the variation of the action 6S = 0 defined in (3.11) to find the
equations of motion.

/ drdo26V (VP 0, X 05X ") + 2VVP§(0,X") 05X 1y = 0,
(3.15)
— / drdosV (VPO X 05X n) — 0 X 00 (VOVPOsX 1),

= 0o (VVP95X") =0, V20, X" 95X 1y = 0, (3.16)

where integration by parts and periodic boundary conditions were applied in (3.15).
In order to obtain simpler motion equations, symmetries must be taken into account.
In the conformal gauge, h*? = n®® and so p = 0 in (3.8). In addition, the tensionless
action is invariant under diffeomorphism, so it’s possible to take the fixed gauge
V® = (v,0) where v is a constant [15]. This gauge corresponds to the conformal
gauge in the tensile theory. Then, using this gauge the motion equations (3.16) are
such that

Xr =0, X?=0, X-X'=o. (3.17)
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For a particular Lorentz observer X° = 7, then the above equations imply the
following expressions:

Xt =0, X2 =1, XX =0. (3.18)
Therefore, the motion of the string is restricted:
1. Every point of the string moves with speed of light.
2. Longitudinal oscillations are forbidden.

The solution for X* = 0 can be calculated by noting that for a closed string the
periodicity condition X#(7,0 + 27) = X*(7,0) implies the existence of a Fourier
series such that

X*(1,0) = 2" + Ao + Z CH(T)e ™, (3.19)
nez
Since X# =0, then C¥* = Ar +B¢L”TN. Furthermore, X*(7, o +27) = X*(7,0) implies
Al = 0. It’s convenient to choose A¥ = iv/2¢ A¥/n and BF = v/2¢nB! /n for n # 0
and C}' = v2¢ Bjfj. Then, [3]

1 ,
XH(1,0) = a" + V2 BT+ ivV2d E — (AL —inTB)e ™", (3.20)
n
n#0

The constrain equations in (3.17) can be written in terms of oscillator modes, then
they translate to:

X2 =9/ Z B, - Bme—ia(m+n) — 92/ Z B, - Bimeio(m—i-n)?

| | (3.21)
=2 Z B_,. - Bpwe " = 4 Z M, e~ =0,
m,k

nez

X’.X =92 Z<An _ ’inTBn) . Bmefia(nﬂn) =927 Z(Afm i Z'TLTB,m) . Bm+n€7m07

n,m

=4 Z(Ln —inTM,)e "™ =0,

nez
(3.22)
where we have defined L,, and M,, as
L—le B M—lzB B (3.23)
n — 2 —-m m-+n» n — 2 —-m m-+n- .

meZ meEZ

Therefore, from (3.21) and (3.22), we arrive to the constrain equations [3]

M,=0, L,=0, VYneZ. (3.24)
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3.1.3 Generators

A residual symmetry that leaves the gauge fixed action invariant remains. In order to
find it, let’s consider the infinitesimal transformation of diffeomorphism ¢ — o“+¢®
in (3.12):

V= (14 0a€™)"? (35 + 05e®) (VP + "0,V ,
1 (3.25)
=V 4+ VP0se* + POV + 5vwaﬂeﬁ.

By requiring invariance, §V* = V* — V* = 0, and using the gauge V* = (v,0) then

1 1
— éo + 560 + §(€1>/ = O,

—vét =0.

(3.26)

The previous system of equations is only satisfied if €* = (f'(o)7 + g(0),g(0)),
where f(0),g(o) are arbitrary well behaved functions. Now, it’s possible to see the
effect of such transformations on coordinates (or any function):

X1+ €, 0+€)=X"1,0)+ €0, X"(1,0),

[+ L(f) + M(g)] X*(0,7). (3:27)

where L(f) = f'(0)70- + f(0)0, and M(g) = g(0)d,. These operators satisfy the
following commutation relations[15]:

[L(fl)a L(f2)] = L( 1f§ - f{f2>;
[L(f), M(9)] = M(fd' — f'g), (3.28)
[M(g1), M (g2)] = 0.

)
In terms of Fourier modes, f(o) = " a,e™,g(0) = > b,e™, then it holds that

L(f) = Z anemo(aa + inTa’r) =—1 Z p Ly, L, = ieing(aa + inTaT)

‘ ‘ (3.29)
M(g) = be™ 0, = —iy_ b,M,, M, = ™9,

Substituting the above relations into the commutation relations (3.28) the following
commutation expressions are obtained:

[Lm7 Ln] = (m - n)Lm—i—na
(L, M) = (m—n) My, (3.30)
(M, M,] = 0.
This algebra and the generators can also be derived from a contraction of the classical
Virasoro algebra where the constants ¢, ¢ (central charges) are zero for the closed

string. To prove the above statement, let’s consider the classical Virasoro generators
L, Ly, in the following representation [1]

L, =ie™0,, L, =ie™ 9y, (3.31)

where w =7+ 0 and w =7 — 0. Then,
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L, — L_, =ie"[isin(nt)d, + cos(nt)d,],

_ ‘ 3.32
L, + L, =ie"[cos(nT)0, + isin(nt)0,] (3:32)

If we perform the Carrolian or ultrarelativistic limit c = ¢ — OthenT — e, o0 — 0
in £, — L_, and €(L, + L_,), then

L, —L_, =ie™ (iem’i + 80) =L,,
€0T

_ ieino' (6% _|_ 627'7100> ’ (333)

€0t
=170, = M,.

o

o
+
&

2
Il

This result sugests that the tensile theory in the ultrarelativistic limit could be
related to the tensionless theory .

3.1.4 Limit from the Tensile String

In order to relate the tensile, in the aforementioned limit, and tensionless theory, we
follow [3]. We consider the equation of motion from the tensile theory (1.38) and
the constrain equations (1.40) in the ultra-relativistic limit ¢ = € — 0:

Xr—2X" =, X-X'=0, X2 42X =0, (3.34)

In addition, the solution to the wave equation for the closed string (1.43) in the
ultra-relativistic limit is such that

XH(1,0) = 2" + 2V2d VealyT

1 [at—a" ,
+ V2 Z - {a"—\/ga_” —inTve(ak +a",) | e (3.35)
n#0

where ¢ = 1/27T. As can be seen, the solution in this limit is of order O(¢~1/2),
then €2X”* and €X' vanish in the limit (3.34) . Therefore,

Xr =0, X?=0, X X'=0. (3.36)

The equations (3.36) reproduce the previous result from tensionless theory (3.17).
Thus, the solutions (3.20) and (3.35) must coincide. A comparison between these
solutions reveals that [3]

A= —(alt—a",),  Bi=\eh+a,). (3.37)

In this way, the algebra of A# B* can be determined using the Poisson brackets
relations of the tensile closed string (1.48):

HOoBYY = Loz“—o_/‘ e(a +a”
{Am’Bn} _’{\/E( m —m)v\/_( n+ —n)}7

- {aZ‘M a'lr/z} - {dﬁmu din}7

N 17
= —2iMOmin,on"

(3.38)
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{An, Any = (B, By} =0 (3-39)

As can be seen in (3.38) and (3.39) these one are not the algebra of harmonic
oscillator modes (1.48).

3.2 Quantum Description

3.2.1 2d Galilean Conformal Algebra

If we promote the classical tensionless theory of closed string through canonical
quantization {  } — —i[ ], it is necessary to consider nonzero central charges
¢, C as a consequence of non commutativity of some operators a,,, a;,, in Virasoro
generators. Thus, we consider £,,, £, that satisfy the following relations:

(Lo, Lo] = (m —n)Loin + im(m2 — 1)0mn.0,

12
(Lons L) = (m = 1) Loprn + %m(mz — Dmino, (3.40)
[Ema En] =0.

These Virasoro operators replace the classical operators in the expressions (3.33) to
extend the algebra (3.30) [1] :

Ly=L,—L_,, M, =¢L,+L_,) (3.41)

(L, M) = [Lo — Ly, e(L + L))

- _ £ 2 _ _(— ; < 2 _
=€ ((m 1) Lopin + 12m(m 1)0mno — (—m+n)L_p_p + 12m(m 1)(5_m_n70>

=e(m—n)(Logn +L_mmn) + 66;‘20m(m2 — Ddmino
= Mpin+ 61—1\24771(7712 — 1)0mn0-

(3.42)

Other combinations of commutators are obtained in a similar way. The generators
form the 3d Bondi-Metzner-Sachs algebra (BMS3) or equivalently the 2d Galilean
Conformal Algebra (2d-GCA) [1]

[Lm7 Ln] = (m - n)Lm+n + %m(mZ - ]-)6m+n,07
(L, My] = (1 — 1) Mipon + Lin(m? — 1)8m im0, (3.43)

12
[Mrm Mn] = 07

where ¢); = €(c+¢) and ¢, = ¢—¢. For a well defined string theory ¢ = ¢ = D, then
cr, ¢y vanish in the ultra relativistic limit . If the central charges are not zero, it is
possible to think of tensionless strings which are not derived as a limit from tensile
string theories and are fundamental objects in their own right [3].
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3.2.2 Quantum Constrains

The quantum version of constraints (3.24) allows to restrict the Hilbert space to
filter out the physical states. The most general way to impose this condition is
demanding all the matrix elements of the constraint acting on physical states to
vanish.

(phys|L,|phys) = 0 = (phys|M,|phys) , Vn € Z. (3.44)

There are several ways to impose the constrains . Specifically, they can be splitted
out in three different cases[5]:

F, |phys) =0, n>0
F,|phys) =0, n#0 (3.45)
F, |phys) #0 Vn € Z.

Since the zero components of A% BY could have ordering ambiguities, additional
constants must be considered: Fy =: Fj : —ap. In order to impose the physical
conditions, the vacuum state is considered as a physical state with respect to the
constraints. According to the relations (3.45), there are nine possible ways to obtain
vacuums |0, k#), and restrict the Hilbert space. However, in [5], it is proved that
only four vacuums are physically consistent . The main three cases are given by !

L |0,K") =0, M,[0,k") =0,  m>0,n>0 (3.46)
Loy [0, K% £0, M, [0,k") =0,  meZn#0 (3.47)
L, 10,k*) #0, M,]0,k*) #0, m,n € Z. (3.48)

Because we are interested in the evolution of the tensile theory under the ten-
sionless limit, only one of the physical vacuum is considered: the induced vacuum.
This is given by the relation (3.47) and we denote it as

|0, k) =10, k") , (3.49)
Therefore, for m,n € Z

(Lm - a'L(Sm,O) |07 ku>[ = ZA—S ’ B5+m |07 kﬂ)[ 7& 07

SEZL
(3.50)
(Mn - aMén,O) |O7 k#>l = Z B_S ’ Bs+n ’07 kﬂ>[ =0.

SEZL

Here, the constants ays, a;, have been added to consider ordering ambiguities in the
zero component of the operator M, L,,. In terms of oscillator modes it holds that

A7 10, ku>[ #0, B0, ku>[ =0, By|o, ku>[ = bo |0, ku>[' (3.51)

!The remaining case occurs when k* = 0 for all n, m.
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3.2.3 Induced Representation

According to [2], the induced vacuum (3.51) can be settled in a subalgebra of BMS;.
Following this work, let’s consider |h, h) as the physical states for the closed string
in the tensile theory. Then, the Virasoro operators over these states satisfy the
following relations:

L, |h,hy=0=L,|hh), Vn > 0. (3.53)

In the ultrarelativistic limit, the Virasoro operators can be expressed in terms of
the operators of the Galilean Conformal Algebra 2D through inverting the relation
(3.41). So that,

o1 M ) _
Lolh,h) =5 (L0+ 0> |h, h) = h|h,h),

€

(3.54)
1M L
Lol = 5 (%2 = £a) 1) = BB,
€
If the expressions (3.54) are subtracted and added, then
My |h7 h) - E(h + B) |h7 B) )
M, |h by = €(Ly, + L) [hyh) =0

If we assume that in the ultrarelativistic limit, the Virasoro operators map as |h, h) =
|M, s) when € — 0, the representations become induced representations of BMS; in
this limit [2].

My|M,s)y =M|M,s), Lo|M,s)=s|M,s), M,|M,s)=0 n#0 (3.56)

where M = e(h-+h) and s = h—h. This defines a 1D representation of the subalgebra
of BMS3 spanned by {Lg, M, cp;cam}. For |[M,s) =0, k*),, the induced vacuum is
recovered in this representation as can be recognized in (3.50) or (3.51).

3.2.4 Mass Spectrum

Other aspects of bosonic tensionless strings such as the mass have been studied in
[3] and [5]. In particular, it has been shown that it is a theory of massless particles
of higher spins. Here, we present a summary of the principal ideas.

The physical Hilbert space in which we are interested is built on the vacuum
state of the tensile string theory in the limit ¢ — 0. In order to find the mass
spectrum in this limit, the momentum p* is considered in that limit.
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2 XK XK
pt = / doP*, PH = lim
0

e—0 2o 2!

1 2 ]
/ do (\/ 2¢ B + V2¢ Z Bﬁem") : (3.57)
0

- ond
n#0

2

Also, it is necessary to note [B BY] = 0, thus there is no ordering ambiguity in
the operator My and so ap = 0. Therefore, for a state |®) it holds that M, |®) = 0.
Therefore, the mass operator acting on the state is given by [3]

2 2
2
m? |®) = —p'p, |®) = =By By |®) = = (Z B_p, - Bm> D),

m7#0
2 _ _ _ _
- g <Z EnNV(a!im + O‘ﬁn)(aim + Oéllm)) O/il’nl‘”aliijalllml”'ai]\T]nN |07 k'u>a
m7#0
= 0.

(3.58)

In the limit € goes to zero, and makes all masses vanish on the induced vacuum
|0, k*),, = |0, k*),. In addition, we would be able to generate fields of arbitrary spin
which are massless. So, it has been shown that the tensionless limit of string theory
generates a theory of massless higher spins.

The tensionless vacuum mass can also be obtained using the oscillator modes
operators (3.51) [3, 5]:

My |0,k"); =0=> " B_p-Bp|0,k"), =10,k"),,

meZ
- <Z B_,, - B, +B§) 10, k"), | (3.59)
m#0
= B{0,k"), =0
Therefore, the mass is given by
2
m? |0, k), = —p"p, 0, K), = —= B30, k), = 0. (3.60)
c

3.2.5 Induced Vacuum

Now, we will focus our attention on the evolution of the tensile vacuum as we take
the tension to zero. First, we will start by finding the tensionless vacuum under the
ideas presented in [2]. Then, we link the tensile vacuum in the ultrarelativistic limit
with the tensionless vacuum following [2] and [5].

Recalling the physical constrains in (3.51), and noting that the commutativ-
ity of BY in M,, then the tensionless vacuum or induced vacuum is given by
M,|0,k"), = 0, Vn € Z. In terms of the oscillator modes, it translates to
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BE|0,k), = 0, Vn € Z. This vacuum expression can be written in terms of
the new modes C, C' defined as [2]

Ol = (AL + BY), Cli= (A%, 4 B, (3.61)

| —

In this way, B*|0,k"*), = 0 = (C* 4+ C",)|0,k"),, for every integer n. These
operators form the algebra of two decoupled harmonic oscillators, i.e.

[CH CY] = MOyt [CH,CY] = MOyt (3.62)

Furthermore, using (3.37) the tensile and tensionless raising and lowering operators
are related by

C;;:—<\£+—> ag+%(\/é—%) ar,,

~ﬁ:1<\/g_i>a‘in+%(\/€+%)@ﬁ

As can bee seen in (3.63), C,, C,, contain mixed tensile operators, so that the
vacuum in which C,C act is different from the usual tensile theory |0,k*) . The
vacuum |0, k) is defined by

(3.63)

Cr0,k"), =0=Cr0,k"),, Vn>0. (3.64)

This new vacuum and its excitations can be used as a basis to build the induced
vacuum solution to the equation (C¥ 4+ C*,)|0,k"); = 0 , as was stated in [2].

(o] 1 5
B — N —-—C_..C_ Ky .
10, k), gexp( ~C_, - C n) 0, k#), (3.65)

We can obtain this vacuum solution also by noting that (3.65) can be thought as
a generalization of the squeeze state for a harmonic oscillator. For a given ground
state |0), of a harmonic oscillator with Hamiltonian H; that change instantaneously

to H,, the ground state can be written as |0), = e~ % tanh fabal 0), [25]. Taking into
account this fact, we can try to make an ansatz for the induced vacuum considering
two decoupled set of oscillators C¥T, C¥T:

0, k), = Nel'|0,k#) ., T =exp (Z fn)ct . é,t) . (3.66)
n=1
We substitute the ansatz (3.66) into the equation B |0, k"), = 0 to obtain

(C, + C1Y [0, k"), = 0,

- 3.67
Cne" 0, k") + Clel [0, k), =0, (3.67)
[Cos €110, k), + Gl [0, k), = 0, (3.68)
After using the identity [A, e®] = [A, Ble? if [[A, B], B] = 0, we obtain
Cn, 3 f)CT-CL = 3 f(m)ndunCl, = f(n)nC] (3.69)
n=1 m=1
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=0 (3.70)

[ n)nCt Z f(m
Ch, i fm)cf, - Cf,

(Zf )¢, ChCh +CT) er0, k) =0,

el 10, k"), + Clel [0, k), = 0,

(3.71)

= (Z Fm)nSmn naCl + Cl) e 0, k"), =0,
m=1

= (f(n)n+1)Cle" |0, k"), = 0.
Then, f(n) = —1/n and the ansatz corresponds to the vacuum solution (3.65).

Recalling that B0, k), = (C* + C*,)[0,k*), = 0, then the induced vacuum
is a Neumann boundary state, as was shown in (1.86). Therefore, the vacuum state
(3.65) reflects the characteristics of an open string vacuum. This is a remarkable
theoretical physics phenomena shown in [2].

On the other hand, we can obtain an explicit relation between the vacuum with
Neumann boundary conditions and the tensile string vacuum in the ultrarelativistic
limit by noting a Bogoliubov transformation in the the relations (3.63) parameterized
by [2]

1

cosh ) = % (\ﬁ+ %) : sinh § = % (\@ - %) : (3.72)

So, the a,, = a,+/n oscillators can be obtained as an inverse Bogoliubov transfor-
mation of the C,, = b,/n oscillators.

(3.73)

We can prove that, in addition, the generator A related to such transformation can
be used to express the creation-annihilation operators in terms of exponential maps
. That is,

N
S =et A= 0b] - b, — 0b, - by, N — 0o (3.74)
n=1
1 1
eAbpe™ = b, + [A, by] + + o714 (A, bal] + A A [A b)) + . (3.75)

(3.76)

In general, for an odd integer or even k commutators, we will obtain the following
results in the commutators: k odd —6*b!  and k even 0%b,,. For example,

(A [A,b]] = 0%b,,  [A, A, [A, )] = —6%,.. (3.77)
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Therefore,
~ 02 03 - o4
Ap —A _ _ ppt D SRS ) i
ebpe " =0, an+2!bn 3!bn—|—4!bn—|—...
> p2k L gkt
=bn» —b Yy
n | n 1’ 378
L (2k) M (2k + 1)) (3.78)
= b, cosh § — b} sinh 6,
= a/TL
In the same way, eAi)ne_A = @, = —sinh Qbf1 + cosh Hl;n. Therefore, as was shown in

[2] and [5], the oscillators modes can be written as

at = Sb,S™! = cosh Ab* — sinh A1,

- - (3.79)
a = Sb,S™' = — sinh Ob"1 + cosh Ob/".
Therefore, we can use the operator A to relate the two vacuums through the squeeze
operator S [2]:

‘07 ku>a = S’O7ku>c' (380)

Here, we show a method to simplify (3.80) based on the properties of the algebra
su(1,1) (appendix A). Let’s define the operators K, K

N N N
- - 1 I
Ko=) bf-bi, K_=Y by by, Ky =3 > (bby + Db, + 1) (3.81)
n=1 n=1 n=1

The operators (3.81) satisfy the algebra of the su(1,1) group.

K K. ]= (bmbmblbl — bl bl b,b),

(b bbbl 4 G Dby — b0 bybin),

n n

(bl by, + bhb, +1) = 2K,
1

(Ko, K1) = 5 > (0lby + blb, + Db, bE, — b, bE, (B by + by + ),

m-m-n

1 - - ~ o~y o~ ~ ~ o~y o~
— E Tpt i Al ol pth —pt bt bty — bt bt Bt

(Ko, K] = [Ko, K4 = —K_ (3.84)
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Then, by virtue of the properties of the su(1,1) algebra (Appendix A), S can be
written as S = exp(a; Ky + a_K_).Then, the vacuum relation (3.80) translates to

0, k"), = S|0,k"), = exp(wKo+ ar Kt +a_K_)|0,k")_,
— 1+ K+ In(v0) Ko pv- K- 0, k")

— 1+ K+ gIn(h0) Ko 0, k")

c?

N N
~ N 1 S
= exp <ta,nh9 > bLbL) exp (5 In(cosh(6) %) + 5 > bl + b;bn> 0, k"),

n=1 n=1

N
= cosh 0~ exp (tanh@ Z bl - BIL) 0, k).,

n=1

1 N tanh 0 ~
_ .o H
(coshe) n”l exp [ " ct Cn} 0, k).,

(3.85)

where we have used the fact that [bf - b}, bf - bl ] = 0 for n # m. In the infinite limit
of oscillators N — oo,

cosh 6 n

1 1+1+... o© h ~
0, k") = ( ) I exp {tan O . (J_n} 0, k"),

n=1

(3.86)

= tanh 6 -~

=V cosh H exp ( a c_,- C’n) 0, k"),
n=1 n

where the regularization 1+ 1+ 1+ ...00 = ((0) = —1/2 was used in the last result.

For € = 1, the tensile vacuum is recovered in (3.86), i.e. |0, k"), = [0,%k*),. In the

extreme ultra relativistic limit € = 0,

lim Vcoshf = N, limtanhf = —1. (3.87)
e—0 e—0

00 1 ~
= 10,k"), = Vcoshd H exp (_EC‘” . C'_n> 0, kM), (3.88)
n=1

In this way, we have reached the result (3.88) shown in [2]. Hence, the closed tensile
string vacuum |0, k") , evolves into the induced vacuum |0, k#); in the extreme limit,
as can be seen by comparison with (3.65). Since this vacuum is also a Neumann
boundary state in this limit, thus the closed string vacuum behaves like an open
string free to move in all directions.



Chapter 4

The Tensionless Superstring

4.1 Classical Description

4.1.1 Tensionless Superstring Action

Following the procedure outlined in [17], one can supersymmetrise the tensionless
bosonic string. In the tensionless regime, the usual worldsheet metric h*® vanishes
in the tensionless limit and is replaced by the vector densities V2V ? reflecting the
degeneration of the metric. The action for the tensionless limit of the superstring is
given by

SV, XH k] :/d02[VaV58aX-8ﬁX—I—T/)-pa W], (4.1)

where the fields 1* are two-dimensional Majorana spinors denoted as

P = <Z§) . (4.2)

In order to specify the p® matrices, it is necessary to note the consequences of
the metric degeneration of the worldsheet in the Clifford Algebra. As was discussed
in the tensionless bosonic theory, the worldsheet metric becomes degenerate and it
is replaced by a product of two vector densities

TV—hh*F — VevP, (4.3)

In light of the change given in (4.3), the Clifford Algebra characterized by {p®, p°} =
2n*? needs to be modified. The metric n*? is replaced by the product of the vector

densities VV# (subject to a gauge choice of V* = (1,0) . Therefore, the tensionless
Clifford Algebra is determined by [17]

{0, 0"} =2veV7. (4.4)
Then, the relation (4.4) reduces to the following matrix equations:
() =1, (p)?=0, PP +p'p’=0 (4.5)

A set of matrices that satisfies the relations (4.5) is such that

(b0 (Y w
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For the previous matrices (4.6), the supersymmetrised action for a fundamental
tensionless string can be written as [7]

S:/da2 [X2+¢(¢0-1/}0+¢1-1/}1—¢1-¢g) : (4.7)

4.1.2 Symmetries

Just like in the bosonic case, the tensionless superstring action is invariant under
local diffeomorphisms and supersymmetry transformations [7].
- Diffeomorphism invariance

OXH = £°0, X",
U = €0k + {004, (48)
S = 0t + J0uE Y + SO
-Supersymmetry invariance
My = —e XM,
St = —OXH — XM (4.9)

SXP = (e + o)

By requiring the invariance of 65 = 0 and 65, = 0, {%, €* and v must satisfy the
following conditions [7]:

0o = D¢, Q€' =0,

et = 0pe® = 01t = 0€°, (4.10)
8060 = 8061 =0
vy =Y (4.11)

4.1.3 Equations of Motion and Mode Expansions

The equations of motion obtained by varying (4.1) with respect to X* and ¢* can
be expressed as

X =0, W =0, = (4.12)
The solutions to the equations (4.12) in the (NS,NS) sector are of the following form

1 .
X“(T, O') =zt + v QC’BgT 4 /2¢! Z _(AZ . inTBx)efzno"
n
n#0
¢5(7, (7) = \/g Z ﬂﬁe*”o, q/}i‘(q-’ 0) = \/E Z [%lf _ ’iTTﬁff]eiim_
reZ+1/2 reZ+1/2

(4.13)

Here, we have already imposed the closed string boundary conditions on X* and
" in (4.13). As observed, the field X* follows the same mode expansion presented
in (3.20), while the components of the field " is expanded in terms of fermionic
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oscillator modes ¥, v#. From (2.39) and (4.13), we get the non-zero commutations
of the fermionic modes

{0, B} = =200, 5™ (4.14)

We note that the commutation relations of the oscillators are not in a simple har-
monic oscillator basis just as it happened with the tensionless bosonic case in (3.38).

We continue with the classical analysis focusing on the constraint equations for
the tensionless superstring. Similarly to the tensile superstring case discussed in
the chapter 2, the constraint equations can be worked out by finding the compo-
nents of the energy-momentum tensor and the supercurrent from the action. These
components are given by [7]

XX 4 Dot b)) =0, X4 Lubw=0 (415)

o X'+ - X =0, - X=0. (4.16)

Using the mode expansions (4.13) in the constraint equations (4.15) and (4.16), then
they translate to the following expressions

X X'+ 1 (V4 - by + o - ) = 4C'Z(Ln —inTM,)e " =0,

ne”Z

X2 4 %% =4 Y Mye™ ™ =0,

' nek ‘ , (4.17)
Yo X'+ - X =4 Y (G —irtH,)e " =0,
reZ+1/2
do- X =4 Y He " =0,
reZ+1/2

where the above terms have been defined as

1 1
Ln = 5 ; A - Bm+n + Z Z(QT + n) (ﬁ—r “Yrdn TV BH‘”)’
1 1
Mn = 5 Z B—m : Bm+n + Z Z(ZT + n)ﬁ—r : Br—s—na
G . (4.18)
1
H, = § Z(B—m : 5m+r>-

4.1.4 Super Galilean Conformal Algebra

The classical algebra spanned by the generators (4.18) is known as the classical Super
Galilean Conformal Algebra (Inhomogenous) or SGCA;. By using the brackets
relations of the oscillators ( 3.38) and (4.14), the resulting brackets of the generators
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are the following [7]:

{Lm,Ln} = —i(m —n)Lyin, {Lpm, Myp} = —i(m —n) M, 10,
{Lma Gr} = —i <ﬂ - T) Gm-i-h {MmaGr} = —i (@ - 7"> Hm+r-

2 2 (4.19)
(Lo, Hy} = —i <E - 7~> Hpiro  {Gr, Gy} = —2iL,4,,

{Gr, HS} - _27:MT+8'

The SGCA; is a generalization of the tensionless bosonic algebra or GCA shown in
(3.30). This algebra can also be derived by applying an inhomogeneous contraction
to the super Virasoro generators shown in (2.36), alongside the contraction in (3.41).
The inhomogeneous contraction can be written as [7]

Gr = Qr - iéfm H, = €<Qr + Z.er) (420)

However, from the point of view of the algebra, there are several ways that one could
contract the fermionic generators and generalize the GCA. Another consistent alge-
bra is the so called Super Galilean Conformal Algebra (Homogeneous) or SGCAy.
In this case, the SGCAy can be obtained by a contraction on the super Virasoro
generators which scale both in a similar manner [4]. The resulting algebra is less

richer than the SGCA;.

4.1.5 Limit from the Tensile Superstring

Now, we want to find a relation between the tensionless superstring theory and the
tensile superstring theory in the UR limit. One way is to reproduce the tensionless
action (4.7) starting from the RNS superstring action (4.1) in the UR limit. In order
to ensure that our action does not blow up while taking the UR limit, the fermionic
degrees of freedom " must be scaled.

First, we make a change of variables in the fermionic fields ¢ and " given by

1 1
by = E(@bfi +h), U = E(M —wh) (4.21)

Second, we apply the inhomogeneous scaling to the new fields defined in (4.21). The
scaling can be expressed as [7]:

vy — el
U = U

The scaling (4.22) together with the UR limit give us the form of the action for the
Inhomogeneous tensionless superstring:

S = /d2‘7[X2 + (o - Y1 + Y1 - Yo — Yo - )] (4.23)

This is same action (4.7) provided we use the equation (4.11). Therefore, the equa-
tions of motion are also the same in the UR limit. Now we can apply the inhomo-
geneous scaling on the mode expansions of the tensile string [7]. That is,

= VISVl il ),

(4.22)

b ) | (4.24)
= \/gz TTE_T —irTe(b b)) | e .
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The expansion for the scalar field X* is given by (3.35). If we compare these modes
with the one that we obtained intrinsically in (4.13), it can be seen that

1
n—
"= T

The remaining relations for the A% B modes are given by (3.37).

Plugging the relations (4.25) and (3.37) back into the generators (4.18) gives
us the connections between the tensile and the tensionless constraints expressed in
equations (4.20) and (3.41). Therefore, this inhomogeneous scaling and the UR limit
on the tensile superstring is consistent to arrive at SGCA;.

(br - Z‘Bfr)a Br = \/E<br + 7;2777”)- (425)

4.2 Quantum Description

4.2.1 Quantum Constrains

Similar to the bosonic case, the theory of quantum superstrings is formulated in the
covariant approach. We promote to operators the constraints (4.18) and then we
impose them as physical conditions on the states |[phys) of the Hilbert space. These
conditions can be written as

(phys|Ly|phys) = 0, (phys|M,|phys) = 0,

4.26
(phys|G.|phys) = 0, (phys|H,|phys) = 0. (4:26)

In addition, the quantum version of the constraints in (4.18) spans the quantum
SGCA/, and satisfy the following relations [4]

cr

(Lo, Lin) = (n — m) Ly, + E(n3 — 1)t
[Lm Mm] - (n - m>Mn+m + Cl_J\;I(ng - n)6n+m;
n n
Lo, G| = (5 —1) Guers (MG = (5 1) Hyso.
n
[Lna Hr] = (5 - T> Hn—l—ru (427)
1
{GT7 Gs} - 2Lr+s + % (72 - Z) 5r+57

1
{G,, H} = 2M, ¢ + %M (72 _ _) Opps-

4.2.2 Bogoliubov Transformation on the Worldsheet

As in the tensionless bosonic case, it is convenient to have an oscillator construction
of modes. In order to find such oscillator basis, let’s define the C*, C* and w#, &F
as

1 ~ 1
Cp = 5(Ay + BY), w=5(-AL, +B.),

2 2 (4.28)
(,dﬁ = _(77}} + ﬂﬁ)? (’Dﬁ = _(_’yﬁr + 557")

2 2
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The operators presented in (4.28) follow the canonical commutation relations for
harmonic oscillators [6]:

[Ch, Gl = [Ch, Crll = mb e, {wi,wil =@, @} = Orpan™(4.29)

In addition, the operators in (4.28) can be splitted out in creation and annihilation
operators due to hermiticity. Specifically, the hermiticity of the generators used
in (4.27) implies the hermiticity of the modes «, and .. Furthermore, since we
demand A,,, B,, V-, Bs all to be manifestly hermitian, w, is hermitian and @, is
anti-hermitian. [6]. Then, the following relations holds

/7;[ = V—r, 6: = B—m

T ~t
wl = w_y, ol = -,

(4.30)

Using (4.25), we can write the new operators defined in (4.28) in terms of tensile
operators. The resulting expressions are given by
w, = by cosh # + ib_, sinh 6, C* = o cosh @ + &",, sinh 6

- - (4.31)
@, = —tb_, sinh @ + b, cosh @, CF = a_,sinhf + &t cosh b,

where we again obtain a Bogoliubov transformation between the tensile operators
and the new oscillator harmonic basis parameterized by (3.72)

4.2.3 Fermionic Squeezed Vacuum

With the Bogoliubov transformation, we can use the generator A related to such
transformation to express the creation-annihilation operators in terms of exponential
maps. These relations reads as [6]:

wy = S50, Sp, & = S7tb, Sk, (4.32)

where

Sp = exp (Z Ow_, - 0_, — 0w, - cbr> ) (4.33)

r>0

Furthermore, we can now relate the tensile vacuum |00), characterized by (2.49),
and the vacuum |00),, which is annihilated under the conditions

Cy |00), = Ch 100), = w, |00), =@, |00), =0, Vn,r>0 (4.34)
The relation is explicitly given by
100),, = SSF[00), (4.35)

where S is the squeeze operator given by (3.74).
Analogously to the bosonic case, we show a method to simplify (4.35) based on
the properties of the algebra su(1, 1). Let’s define the operators K, and K_ as

Kp=iY of-wf, K_=iY & -w, (4.36)

r>0 r>0



o8

The remaining generator K can be found using the following commutation relation:

[}(771(+]

Therefore,

These operators

= - (@lwldw, — dwdlul),
r,S

= — 3 (~ ol Bwiw, — Dw,lwl),

s

= — Z(@s@iwiws + 5Tswiws — &)swsd)lwi),
r,s

= =) (~@@lww] — 6@.0] + Srawiw, — Dawsifw]),

(4.37)
= — ) (Qews@lw! — 6,s0s@T + Spswlw, — Dyw@iw!)
=— Z(wTws — W@ )0ps = — Z(wTwr — &1,

r,s r>0
=— Z(wiws Wsw!)Ops = — Z(wiwr + @@, + 1),

>0 r>0
- 2K0

1 ot~
Ky = —5 ;(wiwr + @@, + 1. (4.38)

also satisfy the commutation relations of the su(1,1) algebra.

2 T S
r,s
i e~ t e -
) (w0l + dlwlww! — dlwldlo, — dlwlwiw,),
78
l I ~
—3 (—olwidiw, — olwls,s — dlwiwlw, — olw!d,,
7,8
’ T _ (4.39)
— Stwlata, — dlwlwlw,),
i i~ - - -
—3 Z(wiwlwiwr — Wl + Dlwlwiw, — Qsw!dys
7,8
— dlwlalo, — dlwlwiw,),
l
-5 20wl =4y Qlwl = +K,
>0 >0
(Ko, K4 ]T = KL Ko — KJK} = K,
= =iy W@ Ko — Koi Y wiidy,
r>0 r>0 (4 40)
::i:g:cbra@1¥b-+akbi:£:cbﬂuh
r>0 r>0

::}(,Pﬂ)—%kb}(,3:'—{kb,}(,]::](,
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With the K’s operators defined, we can rewrite the vacuum (4.35) as

00),, = S exp (Zi@w_r -y — ifw, - w) 00),

r>0

= Sexp (Z — 05D _pw_y + iewrwr> 00),,, (4.41)

r>0
= Ser+Frta=K—100),,

— G+ K+ pln(v0) Ko oy- K- |00)

where w = 0,a, = —0,a_ =0, and
2
22 = WZ —ayo_ =60
24 sinh
V4 = 7+ sinh(2) = Ftanh(0), (4.42)

2z cosh(z) — wsinh(z)
%0 = (cosh(z) — 7~ sinh(=)) > = cosh($)

In this way, we finally obtain

|00> = Se~ tanh(@)K+e—2ln(cosh(G))Koetanh(G)K, |00>

— Se~ tanh(9)K+€—21n(cosh6)K0 |00>C’

_ SemtanhOKs oy (ln(cosh 0) Z(wlwr + @, + H)) 100)

r>0

— Se—tanh(G)K+€N1n(COsh9) exp (Z(wiwr + (:; o )) |00>

r>0

(4.43)
= S cosh(0) exp (—i tanh(6 Zw*aﬁ) 100)
r>0
tanh 0 ~
= exp (Z an Cr - C’l) exp (—itanh ZWTUJT) 100)
n=1 n r>0
P oA
= H exp [tanh@ (u + ] )] 100)
n,r>0 n
In the extreme limit € = 0, tanh & = —1. Then,
ch-Cf
00), = - - 00 4.44
00), nlj!ﬁp[(n“w )|> (1.44)

This result is in agreement with the vacuum shown in [6]. As in the tensile fermionic
vacuum shown in (2.52), the vacuum (4.44) incorporates contributions from both
fermionic and bosonic creation operators, which behave as harmonic oscillators.
Nevertheless, the functional form differs significantly. Notably, the vacuum exhibits
an exponential decrease with respect to the positive integers n in the bosonic con-
tribution. Interestingly, unlike the tensionless bosonic vacuum described in (3.88),
the tensionless limit here does not introduce an infinite normalization factor outside
the exponential as we take the tensionless limit.



Chapter 5

Conclusions and Future Directions

In this thesis project, we have explored the theory of tensionless strings. The inves-
tigation focused on the symmetries of the string worldsheet, treating the tensionless
strings both as a limit of the conventional tensile theory and as a fundamental object
in its own right.

It has been shown that the equations of motion, mode expansions, and constraint
equations for the tensionless bosonic string and the inhomogeneous tensionless su-
perstring are consistent with the Galilean Conformal Algebra (GCA) and the Super
Galilean Conformal Algebra (SGCA), respectively [1, 3, 4, 7]. Additionally, sig-
nificant differences emerged when studying the quantum tensionless closed string
using canonical quantization. For the bosonic case, imposing quantum constraints
lead to distinct quantum mechanical theories[5]. By examining the induced vac-
uum through worldsheet Bogoliubov transformations, we identified this vacuum as
a Neumann boundary state, indicating the emergence of open strings from closed
strings in the tensionless limit [3, 2]. Furthermore, the masses of all these states
were found to vanish [3].

For the tensionless superstring, we analyzed the inhomogeneous tensionless su-
perstring, characterized by the residual symmetry algebra SGCA;[7]. In the tension-
less limit, the degeneration of the worldsheet metric modifies the Clifford algebra for
worldsheet fermions to reflect this feature. Bogoliubov transformations connecting
tensile and tensionless oscillators were constructed, establishing a mapping between
the two superstring vacua[7, 6].

It was found that the tensionless superstring vacuum in the (NS,NS) sector,
unlike the bosonic vacuum, incorporates fermionic harmonic oscillator operators in
addition to the bosonic ones. Furthermore, this tensionless superstring vacuum ex-
hibits a notably different functional form compared to the superstring vacuum in
conventional tension theory. This discrepancy with the usual tension string theory
is also observed in the tensionless bosonic vacuum, which presents an exponential
functional form with bosonic creation operators. Another striking feature of the ten-
sionless superstring vacuum is that there is no normalization constant that diverges
outside the exponential operator, as occurs in the case of the bosonic vacuum when
the tensionless limit is taken. [6, 2]

Furthermore, when deriving the tensionless bosonic vacuum [2] and the inhomo-
geneous tensionless superstring vacuum [6], a method based on the properties of the
su(1,1) algebra was proposed, providing a structured approach for their computa-
tion.
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In future work, the relationship between infinite distance limits and the emer-
gence of tensionless strings will be examined. Infinite distance limits are character-
ized by qualitative transitions in physical theories. A key aspect in the exploration
of such limits will involve the information metric, a powerful tool that establishes
a notion of distance within any continuous family of theories. In the context of
string theory, infinite distance limits correspond to the emergence of a tower of light
states that become progressively lighter, as illustrated in the mass spectrum of the
tensionless bosonic string, for instance, in equation (3.58). In infinite distance lim-
its, tensionless strings represent a concrete physical realization of the tower of light
states predicted by the swampland conjecture [22].

The classical information metric quantifies the separation between probability
distributions by measuring how easily they can be distinguished. This concept is
extended by the quantum information metric, which defines a measure of distance
in the space of quantum states, often evaluated through the vacuum states. Within
quantum theories, this metric captures the differences between neighboring theories
by assessing the distinguishability of their predictions, placing them further apart
when they are more easily differentiable. [21].

Additionally, infinite distance limits are linked to factorization of expectation
values. As discussed in [22], this refers to a phenomenon where the information
metric exhibits an infinite distance singularity. This occurs when the expectation
values of observables factorize, implying the disappearance of statistical or quantum
correlations between degrees of freedom. In such scenarios, the system becomes
effectively simpler or more deterministic, and the ambiguity inherent to sampling
from the probability distribution vanishes.

The connection between infinite distance factorization and tensionless string the-
ory, as noted in [22], highlights the universality of this feature in specific physical
configurations, including string theory.

As an example, consider the distance in the quantum harmonic oscillator with
frequency w:

d(w;, wp) = log (ﬂ> (5.1)

Wo

In the limit w — oo, the particle is confined to the minimum of the potential, making
the ground state probability distribution to collapse to a single point. In contrast, as
w — 0, the particle behaves as free, and the eigenfunctions lose their smoothness and
normalizability. In both of these extreme limits, the distance (5.1) diverges. These
infinite distance limits in the information metric correspond to theories where ex-
pectation values factorize: (x") = (x)". However, the explicit physical observables
from tensionless strings that undergo factorization in this context remain unidenti-
fied. Exploring such observables, particularly for the tensionless bosonic string and
tensionless superstring in the (NS, NS) sector, would provide valuable insights into
the underlying mechanics of tensionless strings and their relation to infinite distance
limits.



Appendix A

su(1,1) Algebra

The elements g of the SU(1,1) group satisties
gSgt = 5. (A.1)

The generators of the group are operators K; , ¢« = 0, 1, 2, that satisfy the commu-
tation relations

(K, K| = —iKy, Ky, Ko =ik, [Ko, K] =ik, (A.2)

The resulting algebra su(1, 1) introduce the raising and lowering operators K4 in
the standard form
Ky =K, +iK,, K,=K/', (A.3)

which obey the following relations: [Ky, Ki] = + K., [K_, K| =2K,.
The properties of the group and its algebra allow to obtain a decomposition
formulae of the generic element [16]

exp(wkKo + ap Ky + a-K_) = exp(v4+ K4 ) exp(In(v) Ko) exp(7-K_) (A4)

where

2004 sinh = W

w . —2
Yo = (cosh = — —sinh :) Vi = == — — =
2= ’ 2=cosh= — wsinh =’ 4
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Appendix B

Conformally flat 2D metric

Any two-dimensional Riemannian manifold (M, g) is conformally flat. Let (z,y) be
the original local coordinates with which the metric takes the form

ds® = gupdr® + 29y, drdy + g,,dy* (B.1)

ds® = (\/Ed n gxy\/%f ) (\/gdw Jay @\/gdy) , (B.2)

where g = g229yy — ggy. According to the theory of differential equations, there
exists an integrating factor A\(x,y) = Ai(x,y) + iX2(x, y) such that

Gzy +1:/9 .
VGezdr + ——=dy | = du + idv,
V Gz

(\/gjd:c + \/g_\/_dy) = du — idv,

rx

(B.3)

Then ds* = (du® + dv?)/|\|* and by setting |A\|~2 = €2, we have the desired coor-
dinate system. If (M, g) is a Lorentz manifold, we have integrating factors A(z, y)
and p(z,y) such that

v V=g
\/gmd:c—l— dy = du + dv,
\V giE(I)

-V
N dac+ dy = du — dv,
\/gx;r

In terms of the coordinates (u,v) the metric takes the form ds?* = A\~'p~!(du? —
dv?). The product A\u is either positive definite or negative definite and we may set
1/|Au| = €2 to obtain the form [18]

(B.4)

ds® = +e* (du® — dv?) (B.5)
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