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RESUMEN 

 

El concreto reforzado con fibras de acero (SFRC) representa un gran avance en 

tecnologías del hormigón, pero su uso ha quedado relegado a elementos no estructurales debido 

a la falta de estudios y métodos de cálculo de sus propiedades mecánicas. 

Nuestro trabajo busca analizar la efectividad del método de cálculo de la capacidad a corte en 

vigas a través de los mecanismos portadores de cortante del SFRC usado la teoría de 

desplazamiento critico (CSDT) propuesta por Yang y su capacidad a flexión. 

Definir otro método de cálculo que incluya las propiedades y respuestas mecánicas del SFRC 

mejorará el desempeño de los mecanismos y límites de falla de los elementos estructurales, 

permitiendo su diseño y mayor adopción. Esto ayudaría a reemplazar o mejorar los métodos 

empíricos utilizados en los estándares actuales. 

Para obtener resultados comparamos la experimentación con elementos que cumplen con: 

𝑎 / 𝑑 ≥ 2.5 y 𝜌 = 1 ∓ 0.5%. Obteniendo resultados con errores significativos, pero que 

mostraran resultados consistentes con los valores de la experimentación. 

El resultado de desarrollar esta teoría nos permitió determinar que este enfoque de cálculo esté 

cerca de la realidad, pero necesitará ajustes futuros con nuevos datos de experimentación para 

proporcionar resultados que excedan la precisión de los métodos empíricos comunes. 

 

Palabras clave: fibras de acero, desplazamiento crítico, cortante, mecanismos de corte, 

límites de falla, ancho de agrietamiento.   



5 

 

ABSTRACT 

 

Steel fiber reinforced concrete (SFRC) represents a great advancement of concrete 

technology, but its use has been relegated to non-structural elements due to the lack of studies 

and calculation methods of its mechanical properties.  

Our work seeks to analyze the effectiveness of the calculation method of shear capacity in 

beams through the analysis of the shear carrying mechanisms using critical shear displacement 

theory (CSDT) proposed by Yang (2016) and their flexural capacity. 

Defining another calculation method that includes the properties and mechanical responses of 

SFRC will improve the performance of the mechanisms and failure limits of structural elements, 

allowing its design and greater adoption. This could help to replace or improve the empirical 

methods used in current standards. 

To obtain results we compare the experimentation with elements that comply with: 𝑎 / 𝑑 ≥ 2.5 

and 𝜌 = 1 ∓ 0.5%. Obtaining results with significant errors, but consistent with experimental 

values. 

The result of developing this theory allowed us to determine that this calculation approach is 

close to reality but will need future adjustments with new experimentation data to provide 

results that exceed the precision of common empirical methods. 

 

Key words: Steel fibers, critical shear displacement, shear, shear carrying mechanisms, 

failure limits, crack width. 
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INTRODUCTION 

 

Concrete and reinforced concrete are widely used as building construction materials on 

most countries due to its ease of use and properties. Mechanically, concrete is strong in 

compression and weak in tension (Wight & MacGregor, 2012) That is why reinforcement is 

crucial on concrete elements subjected to flexure and shear to carry most of the tension and 

avoid collapse. A great option to improve the mechanical properties of concrete is to use 

dispersed steel fibers as part of the mixture. Although there are a lot of mechanical advantages 

of steel fiber reinforced concrete (SFRC), it is not well adopted by construction codes. 

One of the most important effects that reinforced concrete must fight is the shear failure 

due to the size of shear loads transferred to elements like beams. Traditionally, shear loads are 

carried mostly by shear reinforcement such as stirrups, but they require a great amount of steel 

and increase the overall weight of elements. Since shear capacity has been evaluated with 

empirical approaches on codes as ACI’s, determining the shear capacity of members without 

shear reinforcement would be considered as an important topic in structural design (Yang, Uijl, 

& Walraven, 2016). A great way for determining the shear capacity of a beam is by analyzing 

the shear carrying contributions of different mechanisms like the concrete in the compression 

zone 𝑉𝑐, the dowel action of the flexural reinforcement 𝑉𝑑 and the friction between aggregates 

inside a shear crack 𝑉𝑎𝑖.  Another mechanism that is important to consider in the case of SFRC 

is the tension across the crack 𝑉𝐹 due to the fibers bridging the crack and transferring tension 

(Lantsoght E. O., 2019). For SFRC, there are not well stablished theoretical models that 

calculate the shear capacity but is possible to tweak the already developed expressions of shear 

carrying mechanisms to include this effect. 

The aim of this research is to develop expressions that calculate the shear capacity for 

each mechanism of SFRC to facilitate design of members using this material and to know 

exactly how each mechanism benefits by the properties and distribution of steel fibers. These 
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expressions could also be used on digital image correlation (DIC) software to predict the 

capacity of a SFRC member just by analyzing the crack displacement on a series of pictures of 

a tensile strength test (four-point bending test). 
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LITERATURE REVIEW 

 

Critical shear displacement theory 

 

The scope of this theory is to create an alternative to the empirical methods for the 

analysis and design of concrete structures given in commonly used codes and based on 

relatively common concrete elements. As an option for the analysis of structures composed of 

materials of greater resistance and structural elements with specific and unusual dimensions, a 

model was idealized to analyze the physical and mechanical mechanisms of concrete elements. 

As the main point of this analysis, the crack width is defined as the main lower bound 

of this model, relating it to the different mechanisms that act during the loading of a concrete 

element. This analysis will focus on the behavior of concrete elements, mainly their shear 

forces, without the presence of transverse reinforcements. The CSDT considers a concrete state 

in which a main flexural crack reaches a critical point of stress that leads to the formation of a 

shear failure Crack, and therefore 2 common failure mechanisms: flexural shear failure 

(opening of the critical inclined crack) and shear compression failure (beam does not fail 

immediately but by the crushing of concrete on the compression zone. For the flexural shear 

failure state, 3 main mechanisms of shear resistance can be observed: the direct shear transfer 

in the concrete compressive zone 𝑉𝑐, the aggregate interlock 𝑉𝑎𝑖, and the dowel action 𝑉𝑑 (Yang, 

Uijl, & Walraven, 2016).  

Furthermore, a simplified model was developed that would describe in a quantifiable 

and measurable way the behavior of shear-generated cracking. There are two defined stages in 

the formation of the failure system, the main critical shear crack, and the secondary cracking in 

the steel reinforcement, progressively increasing the width of both cracks. The shear 

displacement of a flexural crack is influenced by the Shear force, the bending moment, and the 
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profile of the crack at the cracked cross-section. The profile of a flexural crack is determined 

by the ratio between the moment and the shear force 𝑀/𝑉𝑑. This parameter will define the 

behavior of the faults and the shear resistance offered by the analyzed element.  

For common elements of concrete and corrugated reinforcement, the second failure 

mechanism is the most common, thus defining the crack spacing as the space between a fully 

developed crack and the next possible cracked section 𝑙𝑐𝑟,𝑚 Eq. (1). The main shear crack width 

at the longitudinal reinforcement level is obtained by multiplying the crack spacing with the 

strain in the steel Eq. (2). Finally, the critical shear displacement between the crack faces is 

obtained with Eq. (3). Eq. (1), (2) and (3) define the simplified crack profile proposed by (Yang, 

Uijl, & Walraven, 2016). 

 

Shear carrying mechanisms of reinforced concrete without shear reinforcement 

In a cracked reinforced concrete element without stirrups, the shear force is transferred 

through the cross section by the three already mentioned mechanisms and the total shear 

capacity 𝑉 is determined by the sum of the effects Eq. (4). To simplify design, a simplified 

crack profile was defined taking the main crack as a vertical line which height is defined as scr 

Eq. (5) and the crack spacing as 𝑤𝑏 Eq. (2). Finally, an experimental expression for the crack 

width was developed by Yang that depends on the effective depth and the longitudinal bar 

diameter Eq. (3) (2016). To calculate the capacity an iterative process is required by varying 

the value for the ultimate shear capacity until is equal to the value obtained in Eq. (4).  
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Table 1 Equations for CSDT 

Title Equation # 

 𝑙𝑐𝑟,𝑚 =
𝑠𝑐𝑟
𝑘𝑐

 (1) 

 𝑤𝑏 = 𝑙𝑐𝑟,𝑚𝜀𝑠 (2) 

 ∆𝑐𝑟=
25𝑑

29800𝜙
𝑚𝑚 + 0.005𝑚𝑚 ≤ 0.025𝑚𝑚 (3) 

 𝑉 = 𝑉𝑐 + 𝑉𝑎𝑖 + 𝑉𝑑 (4) 

Critical Shear 

Displacement 

Theory 

𝑠𝑐𝑟 = [1 + 𝜌𝑠 ∗ 𝑛𝑒 − √2𝜌𝑠 ∗ 𝑛𝑒 + (𝜌𝑠 ∗ 𝑛𝑒)
2] ∗ 𝑑 (5) 

 𝑉𝑎𝑖 = 𝑓′𝑐
0.56

∗ 𝑏 ∗ 𝑠𝑐𝑟
0.03

𝑤𝑏[𝑚𝑚] − 0.01
(−978∆𝑐𝑟

2 + 85∆𝑐𝑟 − 0.27) [𝑘𝑁] (6) 

 
𝑉𝑐 =

2

3
∗
𝑧𝑐
𝑧
∗ 𝑉 =

𝑑 − 𝑠𝑐𝑟
𝑑 + 0.5𝑠𝑐𝑟

∗ 𝑉 [𝑘𝑁] 
(7) 

 𝑉𝑑 = 1.64 ∗ 𝑏𝑛 ∗ 𝜙 ∗ √𝑓𝑐
3  [𝑘𝑁] (8) 
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METHODS 

 

Image Correction for DIC 

 

The first approached assignment was the correction of sets of images taken during a 

four-point bending test of a SFRC that could be used on a DIC software. Many of these images 

were taken in an angle that most known DIC software could not recognize. To correct these 

images, it was required a projective transformation that uses a transformation matrix to displace 

a set of pixels from a plane to another. The issue lies when correcting the whole set of images, 

since the member is deformed until failure, bringing a changing set of pixels from one plane to 

another required the generation of multiple transformation matrices, because applying the same 

initial matrix would have taken only into consideration the image space of the undeformed 

member. 

[
𝑥′
𝑦′
1

] ≅ [
𝑤𝑥′

𝑤𝑦′

𝑤

] = [
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

] [
𝑥
𝑦
1
] 

 

 

 

 
Figure 1 Basic imaging model 

 

 

We decided to use the Simulink software, part of MATLAB, specifically the Computer 

Vision System Toolbox to design an arrangement that allowed us to correct the images in an 

individual manner. As inputs we had the original image, and two matrix that show us points of 
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reference to generate a Geometric transformation matrix. The output was an image corrected in 

base of the desired point adjustments. 

 
Figure 2 Simulink Arrangement MATLAB 

 

As a result of the application of this method of correction, we obtained a transformed image, 

but this modification was not significant enough to completely correct the projection effect.  

It would be advisable to apply the same approach, deepening in the development of a geometric 

transformation matrix that could achieve something closer to the expected results. It will be 

necessary a more in-depth research and development in the subject of Digital Image Processing.  

 

Critical Shear Displacement Theory extended for Steel Fiber Reinforced Concrete  

 

Flexural Equilibrium 

 To calculate the shear capacity in SFRC through CSDT, finding the strain in the 

longitudinal reinforcement and the distance to the neutral axis is required. Through equilibrium 

these two values can be calculated. Since the only input given is the external moment, an 

iterative process is done as seen in figure 5. A big assumption considered for the calculations 

was that there is a linear relation of the moment curvature diagram between cracking and 

yielding and between yielding and the ultimate state. Thorenfeldt’s model was used for the 

equilibrium for the cracked and yield states (model in figures 3 and 4) (1987). On the other 
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hand, Whitney’s model was used for the equilibrium for the ultimate state (Wight & 

MacGregor, 2012) by using the expressions from ACI Committee 544 to calculate the effects 

of the fibers as a tension block as shown in figure 4 (1999). A detailed process for the 

calculations is shown in figure 5. 

 

 
Figure 3 Thorenfeldt Stress-Strain Diagram 

 

 

 
Figure 4 Element, Stress and Strain Diagrams. 
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Table 2 Equations for cracking moment 

Title Equation # 

 𝑅𝐼 =
𝑉𝑓 ∗ 𝑙𝑓

𝑑𝑓
 (9) 

 𝑓𝑟𝑓 = 0.97 ∗ 𝑓𝑐𝑢[𝑀𝑃𝑎]
0.5 + 0.295 ∗ 𝑓𝑐𝑢[𝑀𝑃𝑎]

0.5 ∗ 𝑅𝐼 + 1.117 ∗ 𝑅𝐼 (10) 

 𝜀𝑐𝑟 =
𝑓𝑓𝑟

𝐸𝑐
 (11) 

Cracking Moment 

and Curvature 
𝜀𝑠.𝑐𝑟 =

(𝑑 −
ℎ
2
)

ℎ
2

∗ 𝜀𝑐𝑟 (12) 

 𝑀𝑐𝑟 =
𝑓𝑓𝑟 ∗ 𝐼𝑔
ℎ
2

 (13) 

 
𝜙𝑐𝑟 =

𝜀𝑠.𝑐𝑟
ℎ
2

 
(14) 

 

Table 3 Equations for flexural equilibrium 

Title Equation # 

 𝑛 = 0.8 + (
𝑓′𝑐

2500[𝑝𝑠𝑖]
) (15) 

Finding 

Yield 

Moment with 

Thorenfeldt 

approach 

𝜀𝑜 =
𝑓′𝑐
𝐸𝑐
∗ (

𝑛

𝑛 − 1
) (16) 

 𝜀𝑦 =
𝑓𝑦

𝐸𝑠
 (17) 

 𝜀𝑐.𝑦 =
𝜀𝑦

𝑑 − 𝑐𝑦
∗ 𝑐𝑦 (18) 

 𝛽1.𝑦 =
ln(1 + (

𝜀𝑐.𝑦
𝜀𝑜
)
2

)

𝜀𝑐.𝑦
𝜀𝑜

 (19) 
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 𝑘2.𝑦 = 1 −

2 ∗ ((
𝜀𝑐.𝑦
𝜀𝑜
) − 𝑎𝑡𝑎𝑛 (

𝜀𝑐.𝑦
𝜀𝑜
))

(
𝜀𝑐.𝑦
𝜀𝑜
)
2

∗ 𝛽1.𝑦

 (20) 

 
𝐹 =

(
𝑙𝑓
𝑑𝑓
) ∗ 𝑉𝑓 ∗ 𝜌𝑓

100
 

(21) 

 𝜎𝑡 = 0.772 [𝑀𝑃𝑎] ∗ 𝐹 (22) 

 𝜀𝑠𝑓 =
𝜎𝑡
𝐸𝑐

 (23) 

 𝑒𝑦 = (𝑒𝑠𝑓 + 𝑒𝑐𝑦) ∗ (
𝑐𝑦

𝜀𝑐.𝑦
) (24) 

 𝑓𝑜𝑟  
𝜀𝑐.𝑦

𝜀𝑜
≤ 1            𝑘1 = 1 (25) 

 𝑓𝑜𝑟 
𝜀𝑐.𝑦

𝜀𝑜
> 1            𝑘1 = 0.67 +

𝑓′𝑐
9000 [𝑝𝑠𝑖]

 (26) 

 𝐶𝑦 = 𝛽1.𝑦 ∗ 𝑓𝑐 ∗ 𝑏 ∗ 𝑐𝑦 (27) 

 𝑇𝑦 = 𝐴𝑠 ∗ 𝑓𝑦 + 𝜎𝑡 ∗ 𝑏 ∗ (ℎ − 𝑒𝑦) (28) 

 𝑀𝑦 = (𝐴𝑠 ∗ 𝑓𝑦 ∗ (𝑑 − 𝑘2.𝑦 ∗ 𝑐𝑦)) + 𝜎𝑡 ∗ 𝑏 ∗ (ℎ − 𝑒𝑦) ∗ (
ℎ

2
+
𝑒𝑦
2
− 𝑘2.𝑦 ∗ 𝑐𝑦) (29) 

 𝜙𝑦 =
𝜀𝑦

𝑑 − 𝑐𝑦
 (30) 

 

𝛽1𝑤 = 0.85     𝑓𝑜𝑟     17 [𝑀𝑃𝑎] ≤ 𝑓
′
𝑐
≤ 28 [𝑀𝑃𝑎] 

 

𝛽1𝑤 = 0.85 − 0.05 ∗ (
𝑓′𝑐 − 28 [𝑀𝑃𝑎]

7 [𝑀𝑃𝑎]
)      𝑓𝑜𝑟     28 [𝑀𝑃𝑎] < 𝑓′𝑐 < 55 [𝑀𝑃𝑎] 

𝛽1𝑤 = 0.65     𝑓𝑜𝑟     𝑓′𝑐 ≥ 55 [𝑀𝑃𝑎] 

 

(31) 

Ultimate 

Moment Mu 

𝑐𝑢 ∗ 𝛽1𝑤 ∗ 𝑏 ∗ 𝑓
′
𝑐
∗ 0.85

= 𝐴𝑠 ∗ (𝐸𝑠 ∗
0.003 ∗ (𝑑 − 𝑐𝑢)

𝑐𝑢
)+ 𝜎𝑡 ∗ 𝑏

∗ (ℎ − (𝜀𝑠𝑓 + 0.003) ∗ (
𝑐𝑢
0.003

)) 

 

(32) 

 𝑎𝑢 =
𝐴𝑠 ∗ 𝑓𝑦 + 𝜎𝑡 ∗ 𝑏 ∗ (ℎ − 𝑒𝑦)

0.85 ∗ 𝑓′
𝑐
∗ 𝑏

 (33) 

 𝑒𝑢 = (𝑒𝑠𝑓 + 0.003) ∗ (
𝑐𝑢

0.0033
) (34) 



19 

 

 𝑀𝑢 = (𝐴𝑠 ∗ 𝑓𝑦 ∗ (𝑑 −
𝑎𝑢
2
)) + 𝜎𝑡 ∗ 𝑏 ∗ (ℎ − 𝑒𝑢) ∗ (

ℎ

2
+
𝑒𝑢
2
−
𝑎𝑢
2
) (35) 

 𝜀𝑠𝑢 =
0.003 ∗ (𝑑 − 𝑐𝑢0)

𝑐𝑢0
 (36) 

 𝜙𝑢 =
𝜀𝑠𝑢

𝑑 − 𝑐𝑢0
 (37) 

Finding steel 

strain 

corresponding to 

Mext (using M-ϕ 

linear 

interpolation): 

𝜀𝑠 = 𝜙𝑀_𝑒𝑥𝑡 ∗ (𝑑 − 𝑐) (38) 

 𝑀𝑇_𝑓𝑖𝑏𝑒𝑟 = 𝜎𝑡 ∗ 𝑏 ∗ (ℎ − 𝑒) ∗ (
ℎ

2
+
𝑒

2
− 𝑘2 ∗ 𝑐) (39) 

 𝑀𝑖𝑛𝑡 = 𝑀𝑇_𝑠𝑡𝑒𝑒𝑙 +𝑀𝑇_𝑓𝑖𝑏𝑒𝑟 (40) 
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Figure 5 Flow chart for finding the neutral axis 

 

Tension Across Crack 

 This mechanism is important for SFRC because when the inclined shear crack is created, 

fibers bridging the crack will be able to impose resistance. The shear carried by this mechanism 

can be modeled as a distributed load perpendicular to the crack which vertical component 

corresponds to the shear stress carried by the fibers. To calculate the tension across the crack a 

model from (Dinh, Parra-Montesinos, & Wight, 2011) modified by (Singh & Jain, 2014) was 

considered (model in figure 6). The number of fibers crossing a unit area 𝑁 (44) and the average 

pullout force per fiber 𝑓 (42) are used to calculate the tensile stress resisted by the fibers 
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bridging a unit area of the inclined crack (45). Using these values, the shear resisted by fiber 

tension is obtained (46). 

 

Figure 6 Stress model for tension across crack 

(Singh & Jain, 2014)  

Table 4 Equations for tension across crack 

Title Equation # 

 𝜏 = 0.85 ∗ √𝑓𝑐
′[𝑀𝑃𝑎]

2
 (41) 

 𝑓 = 𝜏 ∗ 𝜋 ∗ 𝐷𝑓 ∗ 𝑑𝑓 ∗
𝑙𝑓

4
 (42) 

 𝑟𝑓 =
𝑑𝑓

2
 (43) 

Tension Across 

Crack 
𝑁 = 0.5 ∗

𝑉𝑓

𝜋 ∗ 𝑟𝑓
2 (44) 

 𝜎𝑓𝑢 = 𝑁 ∗ 𝑓 (45) 

 𝑉𝐹 = 𝜎𝑓𝑢 ∗ 𝑏 ∗ (𝑑 − 𝑐) ∗ 𝑐𝑜𝑡(𝛼) (46) 

 

 

Aggregate Interlock 

 The aggregate interlock mechanism considers the friction between aggregates in the 

concrete mix to provide resistance to shear. For SFRC, is safe to say that there will be an 
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increased aggregate interlock capacity because the fibers reduce the size of crack width 

(Lantsoght E. O., 2019). On the other hand, there are not many studies regarding this 

mechanism for SFRC, so it will be a conservative approach to consider the same equation (6) 

developed by Walraven to calculate its capacity (1981). This equation depends on the steel 

strain and crack spacing which will have different values because of the fibers as mentioned 

before. Another big assumption made is that for the critical shear displacement the same 

expression developed by Yang was used and should not necessarily apply in the case of SFRC 

because it is an empirical expression based on experimental results (53). 

Table 5 Equations for aggregate interlock 

Title Equation # 

Aggregate 

Interlock 
𝜌𝑟 =

𝐴𝑠
2.5 ∗ (ℎ − 𝑑) ∗ 𝑏

 (47) 

Simplified Crack 

Properties 𝑘1𝑓 = 1 + √
200 [𝑚𝑚]

𝑑
 (48) 

 𝑘2𝑓 = 0.5            (𝑏𝑒𝑛𝑑𝑖𝑛𝑔) (49) 

 𝐼𝑐𝑟𝑚 = (50 [𝑚𝑚] + 0.25 ∗ 𝑘𝑓1 ∗ 𝑘𝑓2 ∗
𝜙

𝜌𝑟
) ∗

(

 
50

𝑙𝑓
𝑑𝑓)

  (50) 

 𝑠𝑐𝑟 = [1 + 𝜌𝑠𝑛𝑒 −√2𝜌𝑠𝑛𝑒 + (𝜌𝑠𝑛𝑒)
2] 𝑑 (51) 

Crack width at the 

level of 

longitudinal 

reinforcement 

𝑤𝑏 = 𝑙𝑐𝑟𝑚 ∗ 𝜀𝑠 (52) 

Critical Shear 

Displacement 
∆𝑐𝑟=

25𝑑

29800𝜙
+ 0.005 ≤ 0.025 (53) 

 

Dowel Action 

 In SFRC, there is a noticeable improvement in dowel resistance because the fibers will 

reduce the width of dowel cracks (splitting cracks) by bridging in-between. To calculate the 
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capacity due to dowel action a beam on elastic foundation mechanism was adopted (BEF) (Lima 

de Resende, Cardoso, & Shehata, 2020). This will help us calculate 𝑉𝑑 using moment 

equilibrium. The mechanical proposed model is presented in figures 7, 8 and 9. 

 

Figure 7 Dowel action effect (Lima de Resende, Cardoso, & Shehata, 2020) 

 

 

Figure 8 Actual behavior of fibers (Lima de Resende, Cardoso, & Shehata, 2020) 

 

 

Figure 9 Proposed model (Lima de Resende, Cardoso, & Shehata, 2020) 
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Table 6 Equations for dowel action 

Title Equation # 

 𝑐𝑑 = 𝑎 (54) 

Dowel Action 𝑏𝑑 = 𝑤𝑏 (55) 

 𝑘 =
𝐸𝑐

2.2 ∗ 𝜙
 (56) 

 
𝐼𝑠 =

𝜋 ∗ (
𝜙
4
)
4

4
 

(57) 

 𝑎𝑑 = 1.4 ∗ √
𝐸𝑠 ∗ 𝐼𝑠
𝑘 ∗ 𝜙

4

 (58) 

 𝑓𝑠𝑝 = (
1.2 ∗ 𝑓′𝑐

20 − √𝐹
+ 0.7 + 1.0 ∗ √𝐹) (59) 

 𝑓𝑐𝑡 = 0.9 ∗ 𝑓𝑠𝑝 (60) 

RILEM 𝑘𝑓 = 1 (61) 

 𝑓𝑐𝑢 =
𝑓′𝑐
0.82

 (62) 

DVB: German code 𝑓𝑅𝑘4 = 0.63 ∗ √𝑓𝑐𝑢 + 0.288 ∗ √𝑓𝑐𝑢 ∗ 𝐹 + 0.052 ∗ 𝐹 (63) 

 𝑓𝑠𝑝𝑙𝑓 = 𝑓𝑅𝑘4 (64) 

 𝑓𝑐𝑡 = 𝑓𝑠𝑝𝑙𝑓 (65) 

 𝑓𝑐𝑡𝑟 = 𝑓𝑠𝑝𝑙𝑓 ∗ 0.37 (66) 

 𝑏𝑛 = 𝑏 − 𝑛𝑠 ∗ 𝜙 (67) 

 𝑝 = 𝑓𝑐𝑡𝑟 ∗ 𝑏𝑛 (68) 

 
𝐶1 = 𝑎𝑑

2𝑐𝑑 ∗ (8𝑎𝑑𝑏𝑑
3+ 18𝑎𝑑𝑏𝑑

2𝑐𝑑 + 12𝑎𝑑𝑏𝑑𝑐𝑑
2 + 3𝑎𝑑𝑐𝑑

3 + 6𝑏𝑑
3𝑐𝑑

+ 10𝑏𝑑
2𝑐𝑑

2 + 5𝑏𝑑𝑐𝑑
3 + 𝑐𝑑

4) 
(69) 

 
𝐶2 = 𝑎𝑑

3 + 3𝑎𝑑
2𝑑𝑏 + 3𝑎𝑑

2𝑐𝑑 + 3𝑎𝑑𝑏𝑑
2 + 6𝑎𝑑𝑏𝑑𝑐𝑑 + 3𝑎𝑑𝑐𝑑

2 + 2𝑏𝑑
3

+ 3𝑏𝑑
2𝑐𝑑 + 3𝑏𝑑𝑐𝑑

2 + 𝑐𝑑
3 

(70) 
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 𝑦𝐶 =
𝑓𝑐𝑡 ∗ (𝑏𝑛)

𝑛𝑠 ∗ 𝑘 ∗ 𝜙
 (71) 

 𝑦𝐵 =
𝑝 ∗ 𝐶1 + 24 ∗ 𝐸𝑠 ∗ 𝐼𝑠 ∗ 𝑦𝑐 ∗ 𝐶2

24 ∗ 𝑎𝑑
2 ∗ 𝐸𝑠 ∗ 𝐼𝑠 ∗ (𝑎𝑑 + 3 ∗ 𝑏𝑑 + 3 ∗ 𝑐𝑑)

 (72) 

 𝑀𝐴 =
−12𝑎𝑑𝑏𝑑

2𝑐𝑑𝑝 − 12𝑎𝑑𝑏𝑑𝑐𝑑
2𝑝− 4𝑎𝑑𝑐𝑑

3𝑝 − 6𝑏𝑏
2𝑐𝑑

2𝑝 − 4𝑏𝑑𝑐𝑑
3𝑝 − 𝑐𝑑

4𝑝 + 72𝐸𝑠𝐼𝑠𝑦𝑏
12 ∗ (𝑎𝑑 + 𝑏𝑑 + 𝑐𝑑)2

 (73) 

 𝑉𝐴 =
6𝑎𝑑𝑏𝑑

2𝑐𝑑𝑝 + 6𝑎𝑑𝑏𝑑𝑐𝑑
2𝑝 + 2𝑎𝑑𝑐𝑑

3𝑝 + 2𝑏𝑑
3𝑐𝑑𝑝+ 6𝑏𝑑

2𝑐𝑑
2𝑝+ 4𝑏𝑑𝑐𝑑

3𝑝 + 𝑐𝑑
4𝑝 − 24𝐸𝑠𝐼𝑠𝑦𝑏

2 ∗ (𝑎𝑑 + 𝑏𝑑 + 𝑐𝑑)3
 (74) 

 𝑀𝐵 =
12𝑎𝑑

2𝑏𝑑𝑐𝑑𝑝 + 6𝑎𝑑
2𝑐𝑑

2𝑝+ 12𝑎𝑑𝑏𝑑𝑐𝑑
2𝑝 + 4𝑎𝑑𝑐𝑑

3𝑝 + 4𝑏𝑑𝑐𝑑
3𝑝 + 𝑐𝑑

4𝑝 + 72𝐸𝑠𝐼𝑠𝑦𝐵
12 ∗ (𝑎𝑑 + 𝑏𝑑 + 𝑐𝑑)2

 (75) 

 𝑉𝑑 =
3 ∗ (𝑀𝐵 ∗ 𝑑𝑏

2 + 2 ∗ 𝐸𝑠 ∗ 𝐼𝑠 ∗ (𝑤𝑏 + 𝑦𝐶 − 𝑦𝐵))

𝑏𝑑
3  (76) 

 𝑉𝑑 =
0.5𝑝𝑐𝑑 ∗ (2𝑎𝑑

3 + 6𝑎𝑑
2𝑏𝑑 + 6𝑎𝑑

2𝑐𝑑 + 6𝑎𝑑𝑏𝑑𝑐𝑑 + 4𝑎𝑑𝑐𝑑
2 + 2𝑏𝑑𝑐𝑑

2 + 𝑐𝑑
3) + 12𝐸𝑠𝐼𝑠𝑦𝐵

(𝑎𝑑 + 𝑏𝑑 + 𝑐𝑑)
3

 (77) 

 𝑦𝐷 = 𝑦𝐵 −
𝑀𝐵 ∗

𝑏2

2
− 𝑉𝑑 ∗

𝑏3

6
𝐸𝑠 ∗ 𝐼𝑠

 
(78) 

 𝑤𝐷 = 𝑦𝐷 − 𝑦𝐶 (79) 

 

 

  Height of the compression zone 

 The effect of the fibers for this mechanism is minimum because fibers do not increase 

the compression capacity in the concrete by much, they are designed to work mostly in tension. 

As mentioned for the aggregate interlock, the fibers will vary the internal lever arm in the 

flexural equilibrium, translating to a higher compression zone. The same approach used in Eq. 

(7) will be used to calculate the capacity the compression zone. 



26 

 

 

Figure 10 Direct Shear transfer in the concrete compressive zone 

 

Shear Capacity 

 

The shear capacity calculated using the CSDT will be the sum of the four effects Eq. 

(80), in figure 10, a flow chart is shown to summarize the process. Additionally, the shear 

capacity due to flexion is calculated with the ultimate moment Eq. (81). Since the capacity 

cannot be greater than the one corresponding an ultimate state in flexion, the minimum one will 

determine the shear carried by the beam Eq. (82).  

 

Table 7 Equations for shear capacity CSDT 

Title Equation # 

 𝑉𝐶𝑆𝐷𝑇 = 𝑉𝑐 + 𝑉𝑑 + 𝑉𝑎𝑖 + 𝑉𝐹 (80) 

Shear capacity 𝑉𝑓𝑙𝑒𝑥𝑖𝑜𝑛 =
𝑀𝑢
𝑎

 (81) 

 𝑉 = 𝑚𝑖𝑛(𝑉𝑓𝑙𝑒𝑥𝑖𝑜𝑛, 𝑉𝐶𝑆𝐷𝑇) (82) 
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Figure 11 Shear capacity for SFRC using CSDT 
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RESULTS 

 

A code using Mathcad Prime 6.0.0.0 software was developed using the equations from 

tables 1 through 7 and the logic shown in the flow charts of figures 5 and 10 to calculate 

theoretically the shear carried by each mechanism along with the shear capacity using the 

mentioned modifications of CSDT. Table 9 shown in appendix A displays the results obtained 

with this code for different experimental tests. The obtained results include the shear carried by 

the tension across crack, aggregate interlock, dowel action and compression zone individually, 

as well as shear capacity. The inputs for the program were taken from a data base developed by 

Lantsoght (2019) and were selected using two criterions: 𝑎 / 𝑑 ≥ 2.5 and 𝜌 = 1 ∓ 0.5%. This 

was done to make sure there will not be slenderness effects and the beam could reach a 

combined shear flexural failure. An example of the calculations with the code are shown in 

appendix C which inputs are taken from the results of experiment C3 done by Li, Ward, & 

Hamza (1992). Additionally, the ratio between the tested capacity and the predicted capacity 

for the experimental results is also shown in table 9. The standard deviation and the coefficient 

of variation for this ratio can be seen in table 8. 

Table 8 Statistical properties of tested capacity/predicted capacity for considered experiments 

according to different authors, with AVG = average, 

STD = standard deviation, and COV = coefficient of variation 

 

 

Tested / 

Predicted
Values

AVG 1.05

STD 0.32

COV 30%

min 0.68

max 2.06
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DISCUSSION 

 

The results of table 9 indicate that the capacity calculated using the modified CSDT 

bigger than the ones obtained from the experimental tests and shows that the results of shear 

capacities by looking at the ultimate moment for beams can be a very good estimation with 

practical ranges of rebar. This suggests that an adjustment of the expressions used in tables 1 

through 7 should be made, specifically, the expressions for aggregate interlock and dowel action 

should be revised. In the case of aggregate interlock, the expression for the critical shear 

displacement ∆𝑐𝑟 Eq. (53) should have a smaller value since fibers bridging through the shear 

crack will limit the overall displacement. Since Eq. (53) is an empirical expression, further 

experimentation is needed in order to adjust it to SFRC. In the case of dowel action, several 

assumptions were made in order to calculate its carried shear using the approach done by Lima 

de Resende, Cardoso, & Shehata (2020) such as the residual tensile strength and the crack width 

that should correspond to the specific configuration that was used for their equipment. The 

results of specimen A2.5F3.0 done by Arslan et al could not be calculated using our approach 

since the compressive strength of concrete 𝑓𝑐 ′ was 9.77 MPa and it does not qualify as concrete 

since the ACI suggests that concrete elements have compressive strength of at least 17MPa. 

The shear capacity that is shown in table 9 used was the one calculated using equilibrium 

considering and ultimate flexural state, because the equilibrium assumptions imply that the 

beam should be able to reach this state.  

The calculated capacity without CSDT shows very low error percentages and they are 

very consistent as the standard deviation and coefficient of variance suggest. This level of result 

consistency was only obtained since the data used was the one that corresponded to specimens 

with a low reinforcement ratio that could make the beams reach shear-flexural or even flexural 

failure mode. To compare the ratio of the tested capacity and predicted capacity an average of 
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its statistical properties according to multiple authors was done as shown in table 10 of the 

appendix B. In contrast to the data base predictions, the values obtained in the statistical analysis 

for this study present a lower standard deviation, coefficient of variance and maximum value, 

suggesting it could be a better approach. Additionally, all the values hover around the average, 

indicating that is in fact a good approximation. 

The DIC approach allows the obtention of concrete strain but requires good image 

quality. Also, as a check and backup method the tests for SFRC should include a strain gage in 

the top face of the beam to measure concrete strain at any stage of the experiment. This way, 

no iteration will be needed and the values for the distance to the neutral axis and the strain in 

the longitudinal reinforcement could be derived directly. 
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SUMMARY AND CONCLUSIONS 

 

Reinforced concrete is a fundamental material in the construction sector, concrete 

provides resistance to compressive stress and the reinforcement of steel to tension stress. An 

efficient way to improve the mechanical properties of this material is by applying steel fibers 

in its mixture, although its use is limited by its low adoption in codes. 

The aim is to determine the contribution of steel fibers in the failure mechanisms of 

structural elements (beams), in this case shear failure. In most codes like ACI, an empirical 

approach is used, so it is important to analyze a method that considers different mechanisms of 

contribution to the shear resistance through fibers in reinforced concrete and the direct 

contribution of fibers on cracking surfaces 𝑉𝐹. The resulting equations from this analysis will 

provide another method that considers the mechanical properties of the material and its specific 

contribution.  

It was also tried to work with experimentation images (4-point test) of SFRC structural 

elements (beams), this through DIC, after their correction and adaptation. After the use of the 

Simulink method, the resulting transformations of the images did not show us the degree of 

correction necessary to continue the analysis, thus indicating that further investigation is 

required in this field. 

The critical shear displacement theory was applied in this case, which considers a 

concrete state in which a main flexural crack reaches a critical point of stress that leads to the 

formation of a shear failure Crack, and therefore 2 common failure mechanisms: flexural shear 

failure and shear compression failure. 

For the flexural shear failure state, 3 main mechanisms of shear resistance can be 

observed: the direct shear transfer in the concrete compressive zone 𝑉𝑐, the aggregate interlock 



32 

 

𝑉𝑎𝑖, and the dowel action 𝑉𝑑. With the addition of the steel fibers, these mechanisms change 

because of the limitation in cracking development and the additional residual resistance of the 

fibers in the cracks surface. There are two defined stages in the formation of the failure system, 

the main critical shear crack, and the secondary cracking in the steel reinforcement, 

progressively increasing the width of both cracks. The shear displacement of a flexural crack is 

influenced by the shear, the bending moment, and the profile of the crack at the cracked cross-

section. For common elements of concrete, the second failure mechanism is the most common. 

In conclusion, as a result of this adaptation of the CSDT, most of the expressions now 

include the contribution of fibers for the different shear carrying mechanisms. Additionally, the 

flexural equilibrium expressions can calculate the distance to the neutral axis and the steel strain 

which are needed to obtain the values for the shear carrying mechanisms. These expressions 

are limited to sections that could reach yielding or an ultimate state and will not necessarily 

qualify for the CSDT, since this theory is more effective for sections that fail between cracking 

of the concrete and yielding of the longitudinal reinforcement. 

 

 

 

 

 

 

 

 



33 

 

NOTATION LIST 

 

• ∆𝑐𝑟 Critical shear displacement 

in a crack 

• 𝐴𝑠 Area of the longitudinal 

reinforcement 

• 𝐶1 First simplifier factor for 𝑦𝐵  

• 𝐶2 Second simplifier factor for 

𝑦𝐵 

• 𝐷𝑓 Fiber bond efficiency 

• 𝐸𝑐 Elastic coefficient of 

concrete 

• 𝐸𝑠 Elastic coefficient of Steel, 

with a typical value of 𝐸𝑠 =

200 [𝐺𝑃𝑎] 

• 𝐼𝑠 Moment of inertia of the 

longitudinal reinforcement 

• 𝑀𝐴 Reaction moment in dowel 

at point A 

• 𝑀𝐵 Reaction moment in dowel 

at point B 

• 𝑀𝑇,𝑓 Internal moment due to 

fibers tension 

• 𝑀𝑇,𝑠 Internal moment due to 

longitudinal reinforcement   

• 𝑀𝑒𝑥𝑡 Total external moment 

• 𝑀𝑖𝑛𝑡 Total internal moment 

• 𝑇𝑓,𝑑 Resultant of the fiber tension 

along the length of the diagonal 

crack 

• 𝑉𝐴  Shear in dowel at point A 

• 𝑉𝐶𝑆𝐷𝑇 Total shear capacity 

• 𝑉𝐹 Shear capacity due to 

tension across crack 

• 𝑉𝑎𝑖 Shear capacity due to 

aggregate interlock. 

• 𝑉𝑐 Shear capacity in the 

compression zone. 

• 𝑉𝑑 Shear capacity due to dowel 

action.  

• 𝑉𝑓 Fiber Volume fraction 

• 𝑎𝑑 Distance between points A 

and C in dowel 

• 𝑏𝑑 Distance between points D 

and B in dowel 



34 

 

• 𝑏𝑛 Net width at the level of 

longitudinal reinforcement  

• 𝑐𝑑 Distance between points C 

and D in dowel 

• 𝑑𝑓 Equivalent diameter of the 

fiber 

• 𝑓𝑐 Stress in the concrete in the 

analyzed state. 

• 𝑓𝑐′ Compressive strength in 

concrete after 28 days of curing 

• 𝑓𝑐𝑡 Concrete direct tensile 

strength 

• 𝑓𝑐𝑡𝑟 Concrete residual tensile 

strength 

• 𝑘2 ratio of the distance between 

the extreme compression fiber and 

the resultant of the compressive 

force to the depth of the neutral axis

  

• 𝑘𝑐 Slope of the stress line, 𝑘𝑐 =

1.28 according to Krips, M.  

• 𝑘𝑓 A factor for considering the 

contribution of the flanges in a T-

section in a stress–strain curve. 

• 𝑙𝑓 Length of the fiber 

• 𝑛𝑒 Ratio between elastic 

moduli of steel and concrete. 

• 𝑛𝑠 Number of bars of 

longitudinal reinforcement 

• 𝑟𝑓 Fiber equivalent radius 

• 𝑠𝑐𝑟 Height of the fully 

developed crack. 

• 𝑤𝑑 Maximum crack opening 

• 𝑦𝐵 Displacement in dowel at 

point B in dowel 

• 𝑦𝐶 Displacement at the crack 

tip 

• 𝛽1 Stress block depth factor 

• 𝜀𝑐 Strain of concrete in 

compression 

• 𝜀𝑜 Strain when 𝑓𝑐 reaches 𝑓𝑐′ 

• 𝜀𝑠 Strain of Steel in tension 

• 𝜀𝑠𝑓 Strain in steel fibers 

• 𝜌𝑠 Longitudinal reinforcement 

ratio. 

• 𝜎𝑓𝑢 Tensile stress resisted by 

fibers bridging a unit area of the 

inclined crack. 
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• 𝜎𝑡 Tensile Stress of SFRC 

• ∆ Shear displacement in a 

crack. 

• ℎ Height of the structural 

Elements 

• M Moment in the steel 

reinforcement. 

• 𝑁 Number of fibers crossing 

per unit area. 

• 𝑃 External Force in the four 

point 

• 𝑎 Distance from applied force 

to support. Equivalent Length 

• 𝑏 Width of the structural 

member. 

• 𝑐 Neutral Axis Depth 

• 𝑑 Effective depth of the 

element 

• 𝑒 Distance from the extreme 

compression fiber to the start of the 

stress block due to fibers 

• 𝑓 Average pullout force per 

fiber 

• 𝑘 modulus of elastic media 

• 𝑙 Test span length 

• 𝑛 Number of bars, dowel 

effect 

• 𝑝 Fibers force in slitting crack. 

• 𝑤 Crack width 

• 𝑧 Internal lever arm. 

• 𝛼 Shear crack angle 

• 𝜏 Average fiber-matrix 

interfacial bond strength 

• 𝜙 Diameter of steel bars for 

Dowel action.
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 APENDIX A 

 

 

L62
Shoaib, Lubell and 

Bindiganavile. 2015
3.000 0.012 213.060 242.102 509 509 223 50 403 445 929 249 249 306 1.23

SH4 2.500 0.013 60.330 59.910 28 28 43 8 82 39 170 55 55 63 1.13

SH5 2.500 0.013 62.050 60.688 35 35 86 9 96 52 242 60 60 79 1.31

SH6 2.500 0.013 63.620 61.636 59 59 128 9 109 67 313 65 65 135 2.06

A2.5F1.0A 2.500 0.013 77.670 89.046 33 33 39 5 76 44 164 63 63 65 1.03

A2.5F1.0b 2.500 0.013 86.450 79.225 22 22 36 10 65 45 156 60 60 44 0.73

A2.5F2.0 2.500 0.013 94.110 90.420 25 25 61 8 73 60 203 60 60 50 0.83

A2.5F3.0 2.500 0.013 - - 20 20 - - - - - 46 46 39 0.85

A3.5F1.0 3.500 0.013 94.115 103.556 32 32 26 9 82 51 168 34 34 33 0.97

A3.5F2.0 3.500 0.013 94.110 94.100 30 30 59 6 102 71 238 43 43 43 0.99

A3.5F3.0 3.500 0.013 85.396 95.539 41 41 100 5 135 94 334 47 47 59 1.26

A4.5F1.0 4.500 0.013 86.465 97.857 39 39 30 5 115 61 212 33 33 43 1.27

A4.5F2.0 4.500 0.013 94.111 103.556 32 32 54 5 130 80 268 34 34 35 1.04

2.3/2 2.500 0.012 89.673 75.999 53 53 29 29 118 56 233 112 112 82 0.73

2.3/3 2.500 0.012 91.463 90.771 70 70 80 22 134 76 310 114 114 107 0.94

A0.5% 2.970 0.012 88.641 88.351 29 29 16 4 66 33 119 49 49 48 0.97

A1% 2.970 0.012 94.519 102.086 34 34 27 3 70 40 140 49 49 57 1.15

B0.5% 3.089 0.015 212.000 180.509 214 214 71 46 246 165 528 227 227 154 0.68

B1% 3.089 0.015 226.255 223.922 273 273 114 36 263 191 602 225 225 198 0.88

NSC1-FRC1 2.506 0.010 168.627 160.290 145 145 38 26 157 77 298 163 163 129 0.79

NSC2-FRC1 2.506 0.010 151.110 127.823 129 129 50 37 183 85 354 170 170 115 0.68

NSC2-FRC2 2.506 0.010 150.824 141.455 153 153 35 20 179 74 308 169 169 137 0.81

NSC3-FRC 2.506 0.010 145.623 133.834 153 153 52 34 196 86 368 172 172 136 0.79

HSC1-FRC1 2.506 0.010 137.589 153.472 207 207 100 17 259 100 476 185 185 186 1.00

NSC4-FRC-500-1 2.505 0.010 175.263 199.259 223 223 23 15 159 67 264 174 174 194 1.12

NSC4-FRC-500-2 2.505 0.010 175.264 171.430 177 177 26 24 159 71 279 174 174 154 0.89

NSC4-FRC-1000 2.500 0.010 355.270 326.216 575 575 53 107 165 112 435 349 349 247 0.71

HSC2-FRC-1000 2.500 0.010 285.038 270.298 759 759 87 142 247 129 601 384 384 328 0.85

2/0.5/2.5 Lim et al. 1987 2.500 0.012 81.399 78.336 32 32 28 12 78 40 157 67 67 58 0.87

B2 2.800 0.014 79.753 78.226 29 29 21 9 71 39 140 59 59 53 0.89

B3 3.600 0.014 79.753 107.090 32 32 16 7 90 44 157 46 46 45 0.98

C2 2.800 0.014 79.360 90.760 33 33 29 5 76 42 153 60 60 60 1.01

C6 2.800 0.014 95.796 93.191 25 25 23 8 63 41 135 56 56 45 0.81

M15 3.000 0.011 61.985 36.335 4 4 5 0 25 8 39 11 11 13 1.19

C3 3.000 0.011 42.615 48.160 5 5 7 1 18 9 35 10 10 16 1.61

FNB-50-1 Kang et al. 2012 2.548 0.011 108.083 123.860 105 105 52 16 161 72 301 117 117 131 1.12

G1B5 2.500 0.011 50.273 72.180 14 14 11 2 34 16 64 25 25 41 1.62

G1B6 2.500 0.011 50.356 67.188 18 18 17 2 36 18 74 25 25 51 2.00

N10-1 3.000 0.014 351.495 436.466 1351 1351 375 241 378 361 1346 508 508 479 0.94

H10-1 3.000 0.014 330.712 334.601 1777 1777 634 150 527 390 1700 561 561 633 1.13
Shoaib. 2012

Author

Manju et al. 2017

Arslan et al. 2017

Rosenbusch and Teutsch. 

2003

V_flexion [kN]V _CSDT [kN]Mint [kN-m] V_F [kN]

Aoude et al. 2012

a/d ρ

Qissab and Salman. 2018

ID

Minelli & Plizzari. 2013

Mansur et al. 1986

Li, Ward, Hamza. 1992

Tested 

Capacity/Predicted 

Capacity

cy [mm] Vu [kN]c [mm]
Shear 

Capacity [kN]
Mext [kN-m] V_ai [kN] V_d [kN] V_c [kN]

Table 9 Results for SFRC using CSDT 
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APENDIX B 

 

Table 10 Statistical properties of tested capacity/predicted capacity for considered experiments according to different authors, with AVG = 

average, 

STD = standard deviation, and COV = coefficient of variation 

 

Authors
Sarveghadi 

et al
Kwak et al

Greenough 

and Nehdi

Khuntia et 

al 
Imam et al Sharma

Mansur et 

al

Ashour et 

al 1

Ashour et 

al 2
Arslan et al

Yakoub et 

al 1

Yakoub et 

al 2
Average

AVG 0.76 0.84 1.07 1.22 1.07 0.85 0.87 0.75 1.21 1.07 1.79 2.55 1.17

STD 0.25 0.24 0.38 0.36 0.42 0.23 0.32 0.22 0.37 0.29 0.68 1.18 0.41

COV 33% 29% 35% 29% 39% 28% 37% 29% 31% 27% 38% 46% 34%

min 0.21 0.34 0.33 0.59 0.32 0.56 0.25 0.24 0.47 0.70 1.06 1.09 0.51

max 1.27 1.40 2.03 2.21 2.51 1.43 1.77 1.28 2.15 1.85 4.34 6.26 2.37
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APENDIX C 

MathCAD Code 
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